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Abstract: Triple modular redundancy system (TMR) is repetition of 
important components or functions of the system. It aims to increase the 
reliability and reducing the failure rate. This study is focused on the 
estimating of the distribution’s parameters of the "TMR system" under the 
partly life test with gradual stress, as it included every component in the 
system that follows The Frechete distribution. This research aimed to 
analysis the reliability of this triple modular system. The optimal time for 
stress change was determined using two criteria according to the accelerated 
stress strategy under the new distribution, as well as estimating the reliability 
of the system by using the maximum likelihood (MLE) method. The 
efficiency of the  "MLE   " in estimate the parameters of the new distribution 
is one of the most important conclusions in this study. Therefore, the design 
of the "TMR” system can have a lengthy lifetime and higher safety, reducing 
the risks of unexpected failure and the economic losses. 

1 Introduction 
Triple modular redundancy (TMR) is a powerful technique characterized by a stable and 
reliable service level in areas of life such as the electrical power distribution networks and 
patient support device. This study aims to analysis the reliability of the "TMR" system 
according to the accelerated pressure strategy under the new distribution. Due to the 
increasing the errors occurring in the system, it is necessary to reduce the errors or failures 
through the TMR system. In (2020), Arifeen and et al, they performed the effect of a (TMR) 
implementation on the reliability of the system was tested [1]. In (2020) Cannon and et al, 
performed (TMR) was commonly utilized to raise the reliability and the mean time to the 
failure of the system [2]. In (2021) Katkoori and et al, performed study partial evaluation 
depends on the "TMR" for single event upset mitigation [3]. As well as the utilizing of the 
partially "ALT" were used in product design process by exposing experimental units to 
pressure conditions more severe than the conditions they faced in the normal use. Accelerated 
life tests were used in many fields such as the electronics, medicine, and aviation industries. 
In (2019) Nassr and El Haroun, they created four performed studies on the stress partially 
"ALT"   were studied according to the exponentiated "Weibull distribution" [4]. In (2022) 
Kamal and et al, they performed the a estimation of the parameter depend on the censored 
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data with the partly "ALT"   for the hybrid systems because the anonymous failure causes 
[5]. In (2022) Zhang and et al, they created a study about the "bayesian reliability analysis" 
for copula based "step stress partially accelerated" dependent competing risk sample [6]. In 
(2022) Nassar and et al, they performed analysis of "modified kies exponential distribution" 
with fixed stress partly "ALT" with (Kind-2) censoring [7]. In (2023) Al-Essa and et al, they 
created eight studies on the reliability analysing of the TMR system underof the  step partially 
"ALT"  by using" Lomax distribution" [8]. 

 In this system the "MLE    " was applied for estimating the three amounts of the scale 
parameters in three various cases for the parameters of the" Frechete distribution"and finding 
the best estimator for the "TMR" system by using the simulation for the purpose of comparing 
distribution parameters by using the MSE. 

2 Design of the triple modular redundancy system 
The system works correctly when at least two of the three components must be running in 
order to continue in the work [9] . The component (U) are repeated three times and these 
three components work in parallel. The component (V) meets the outcomes of the three 
components (U) as shown in Figure 1. If there is a malfunction in one of the three, 
components the system’s operation is allowed to continue without interruption to the point 
that the failure of the units cannot be felt. Therefore, the TMR system is suitable for cases of 
the temporary failure due to this property. 

 
Fig. 1. Structure of system TMR [11]. 

3 Accelerated life tests 
There are three accelerated life tests techniques [10]. The first technicality is called to as 
continuous pressure "ALT", through which pressure is applied at a constant level throughout 
the product’s operation. The second technique is through gradual pressure [11]. The stress 
well be product during the operation increases over the time. The third technique is a stage 
of changing for the gradual voltage of the stress level after appearing a specific number of 
failures or after a limited period of time. 

4 .1. Frechete distribution 
The Frechete distribution considered as a one of the most well-known probability 
distributions [12]. It was named the French mathematician (Maurice Rene Frechete). It is 
used in data modeling, analysis, applied statistics and other related fields.  

The  "(PDF)" and   "(CDF)  " are given by 

( ; , ) =                 (1) 

( ) =              (2) 
also the "(RF)" and "(HRF)" are given by 

( ) = 1           (3) 
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�     (4) 

Where �> 0 is the (shape parameters) and �> 0 is the ( scale parameters )of the 
distribution. 

4 .2. K-out of-N systems 
The most commonly utilized reliability models in engineering fields are “K-out of-N” 
systems, which are either binary or sequential systems. It is considered as A more elastic tool 
for modeling engineering systems, and it is a special case of parallel replication when at least 
(K – components) succeed from the sum of the other components. 

�� − out − of − N(t) = ��n
i �

�

���
[R(t)]� 

[1 − R(t)]���       (5) 

4 .3. Reliability of the  "TMR "system 
Suppose that three components (C1, C2, and C3) are constructed in a triple modular 
redundancy system which is set up to permit plurality voting. For the system to the function 
efficaciously, at least (two of three) components should be in operation. Suppose that "T is a 
random variable  "(r.v) that represented the "TMR" system’s lifetime. If the component 
reliability is (1), the reliability of the "TMR" system at the time (t), as follow: 

 ���� = ���(�)����1 − ���(�)� + ���(�) ����1 − ���(�)� + ���(�)  ����1 − ���(�)� +
���(�) ���(�) ���(�)  

R��(�) = R(t)                 i = 1,2,3 ,  
By substitution (k=2), (n=3) in equation (5) then the result will be:           

����(�) = 3��(�) − 2��(�)      (6) 
By the equation (6) it will possible to get a "PDF" and "CDF" to the "TMR" system. 

����(�) = 2��(�) − 3��(�) + 1   (7) 
����(�) = 6�(�)[1 − �(�)]�(�)   (8) 

Using the equation (1), equation (3) and form (�, �> 0) the "CDF", "PDF", "RF", "HR  
"of the "TMR" system are given: 

����(�) = 3 ����
�
��

�
 − 2����

�
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�
     (9) 
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� �����
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�
�   (10) 

����(�) = 1 − 3 ����
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ℎ���(�) =
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�       (12) 

4 .4. Description of the model of (TMR) system 
This part is for applying the step stress partially accelerated life tests to the "TMR" system 
whose life "T" is considered a random variable with couvert (t) of "CDF" like the equation 
(9). The "PDF, SF  and HRF" of "T   " are provided, by equations "10", "11" and  "12". Two 



4

BIO Web of Conferences 97, 00153 (2024)	 https://doi.org/10.1051/bioconf/20249700153
ISCKU 2024

techniques are utilized to raise the pressure in the step pressure "PALTs", one of them is 
called "tampered random variable" [13] and the other is called "tampered failure rate  TFR" 
[14]. For the "TMR" system with the "TFR" technique, as soon as an alteration time point 
"η" is reached, the pressure raises and remains fixed. This would be done by multiply the 
basically "HRF ℎ���(�)" by an indefinite factor (�> 1) which may depend on the "η". Let  
ℎ∗(t) denote the overall "HRF"in "PALT". Then "TFR" model is: 

ℎ∗(�) = �ℎ���(�)                                             0 < � � �
�ℎ���(�)                  � < � < ∞, (� > 1)          (13) 

�∗(�) = � ��(�) = e��∫ � ���(�) ���
� �                                   0 < t � �

��(�) = e��∫ � ���(�)���∫ � � ���(�)���
�

�
� �               � < t < 0

  (14)      

The function ��(�) defined in (14) is: 

��(�) = ���∫ � ���(�)
� ���(�) ���∫ �� ���(�)

� ���(�)  ��
�
�  

�
�  � = �����(�)��  �����(�)����     (15) 

By replacing (10) in (15): 

R�(�) = �1 − 3 e���
�
��
�

+ 2e���
�
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�
�
�
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�
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  (16) 

Based on the (10), (14),(16), of T under( PALT): 
�∗  (�) =

⎩⎪
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 (17) 

The ( CDF), (PDF), (HRF) are given: 

F∗(t)
⎩
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4 .5. Mean residual lifetime (MRL) 
For the aims of studying the survival analysis, "MRL" is decisive. By supposition the system 
has lived up to till time "�°". "MRL" is defined as the expected residual lifetime. 

�(�°) = � [(� − �°)/� > �°]  = �
�∗(�°)  ∫ �∗(�) ���

�°
 

If,  �° � �,�(�°) = �
����°�

�∫ ��(�)�� + ∫ ��(�)���
�

�
�°

� 
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5 Maximum likelihood estimation 
Suppose that t=(�� < �� < �� <····<��� ≤ η <����� <····< ��) is an arranged observed random 
sample is taken from a population with eq(19), where the �� (�� =n − ��) is a random 
number referring the number of fail with normal accelerated stress condition . 

�(�; �, �, �) = [∏ ��(��)�
��� ] ∗ [∏ ��(��)��

����� ]            (22) 
By substitution the eq (19) into eq (22) with taking the logarithm and form the outcome 

it is possible to obtain the (MLE) parameters.  
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By taking the first derivative to eq (23) to (�, �, �)and equal it to the zero: 

����
�� = �

� + ���� −���(��) + �
�6����

�
���

�

�����
�
�� ����� − 6����

�
���

�

�����
�
�� ������

�����
�
���

�

− ����
�
���

�

�

�

���

�

���
 

∑
(���)������

�
���

�
�����

�
����������

�������
�
�����

�
��������

���� ����
�
���

�
������

�
���

�
�

��
����� +

∑
(���)������

�
��
�
����

�
���������

������
�
����

�
�������

���� ����
�
��
�
������

�
��
�
�

= 0��
�����   (24) 

∂lnl
∂θ = nα

θ + �
�6����

�
���

�

�����
���`

����� − 6����
�
���

�

�����
���

������

�����
�
���

�

− ����
�
���

�

�

�

���
 



6

BIO Web of Conferences 97, 00153 (2024)	 https://doi.org/10.1051/bioconf/20249700153
ISCKU 2024

+∑
(���)������

�
���

�
�����

���
��������

�������
�
�����

���
������

���� ����
�
���

�
������

�
���

�
�

��
����� +

∑
(���)������

�
��
�
����

���
�������

������
�
����

���
�����

���� ����
�
��
�
������

�
��
�
�

= 0��
�����     (25) 

����
�� = ��

� + ∑ �� �� � � ����
�
��
�
�

+ �����
�
��
�
�

���
����� � �1�� �� � � ����

�
��

�
+

�����
�
��

�
� = 0    (26) 

The equations (24), (25)and(26) cannot be solved by using ordinary methods because 
they are non-linear equations .Therefore ,they are solved by using the numerical method to 
obtain the coefficients MEL 

6 Simulation experiment 
A simulation-study was implemented to evaluate the MLE of the parameter of the new TMR 
system. A set of values were assumed for each parameter of the distribution, as in Table (1), 
and various sample sizes (25, 50, 100, 200, 400) are used. MSE for each parameter estimation 
was calculated as in the table (1)  

Table 1.  Estimated values and MSE of the parameters (α, β, θ) by using Mle method. 
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Table 1 shows the efficiency of the maximum likelihood method for all estimators. 
According to the first and fifth experiments, the parameter is characterized by having the 
lower (MSE) compared to the other parameters. However, in the second, third, and fourth 
experiments, the parameter is characterized by having the lower (MSE) compared to the 
other parameters. In general, it is possible to calculate all of the estimators that have a 
relatively small mean square to the extent that the maximum likelihood method can be 
depends on the estimating of the model parameters, as shown in the following figures.

Fig. 1. Shows the change in( MSE) values when(β=0.5,α=0.9,θ=0.5).

Fig. 2. Shows the change in( MSE) values when (β=0.9,θ=0.5,α=0.5). 

2

3
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Fig. 3. Shows the change in (MSE) values when(β=0.5,α=0.5,θ=0.5).

Fig. 4. Shows the change in (MSE) values when (β=2.5,θ=2,α=1.5).    

4

5
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Fig. 5. Shows the change in (MSE) values when ( = 1.5, = 2.5, = 3.5)

7 Conclusions
Under step (PALTs), it has estimated the distribution parameters of the "TMR" system, with 
each component lifetime. In addition, it has been computed the "RF, HRF, MRL" of the 
"TMR" system. In this study the MLE method has been taken. The determination of the 
optimal stress alteration time has been achieved by utilizing "two" deferent distinction 
criteria. The simulation experiments were used to estimate the mean square error (MSE) for 
the maximum likelihood method (MLE), and the result was shown that the mean square error 
values were relatively small.
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