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Abstract
We present in this paper a simulation study that
aimed at evidencing a causal relationship between
degeneracy and long-range correlations. Long-range
correlations represent a very specific form of
fluctuations that have been evidenced in the outcomes
time series produced by a number of natural systems.
Long-range correlations are supposed to sign the
complexity, adaptability and flexibility of the system.
Degeneracy is defined as the ability of elements that
are structurally different to perform the same function,
and is presented as a key feature for explaining the
robustness of complex systems. We propose a model
able to generate long-range correlated series, and
including a parameter that account for degeneracy.
Results show that a decrease in degeneracy tends to
reduce the strength of long-range correlation in the
series produced by the model.

1. Introduction
Long-range correlations have been evidenced in a
number of situations. In the domain of movement
sciences, this kind of fluctuation has been evidenced in
stride interval series during walking and running [1, 2],
in the time interval series produced in finger tapping or
in forearm oscillations [3], in the series of asynchronies
produced in synchronized tapping [4], in the series of
relative phases in bimanual coordination tasks [5].
There is now a general agreement for considering
long-range correlations as reflecting the complexity of
the system, defined as the flexible and adaptable
coordination between its multiple components and subsystems [6]. Long-range correlations are supposed to
sign an optimal compromise, between order and
disorder, order reflecting a too strict and rigid
coordination, and disorder the absence of coordination
[7]. Long-range correlations are considered the
signature of health and adaptability, and deviations
towards order and disorder have been described in
elderly or pathological populations [8].

Another conceptual framework has tried to draw a
link between complexity, adaptability, and health,
especially through the concepts of redundancy and
degeneracy [9]. Redundancy is an important property
of complex systems. In this most basic meaning,
redundancy signifies that similar components within
the system have similar functionality. As such,
redundant components can be used to replace
components that fail, or can be alternatively used for
achieving a given function. One can easily conceive
that redundancy provides the system with stability and
robustness facing external perturbations.
The concept of degeneracy is often preferred to the
classical concept of redundancy for analyzing the
design principles of biological systems [e.g., 9; 10].
Degeneracy refers to a partial overlap in the functions
of the multiple components within the system. In
degenerate systems, distinct components can perform
similar functions under certain conditions, but can also
assume distinct roles in others conditions. This concept
of degeneracy is more adapted to the most recent
definitions of complexity, suggesting that complex
systems are characterized, beyond their multiple
components, by a multiscaled and hierarchical
structure [11].
The behavior of a complex, degenerate and multiscaled system, in a given situation, cannot be
considered as resulting from the performance of a fixed
and immutable network. Throughout repetitions,
diverse sets of components can be recruited for
achieving a given function [12]. From this point of
view, variability does not result from perturbations
within the system, but expresses its inherent
complexity.
These two lines of reasoning suggest a possible link
between long-range correlations and degeneracy. One
can suppose that complexity generates typical patterns
of serial dependence in the outcomes of the systems,
and especially long-range correlations [7, 13, 14].
More precisely, the strength of long-range correlations
in a series of outcomes could be related to the level of
degeneracy that characterizes the system.
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Zi = Z0 + PGi

2. A model of degenerative system
We recently analyzed the fractal properties of a
quite simple model, which seemed able to produced
long-range correlated series [15]. This model was
initially developed by West and Scafeta [16], in the
domain of locomotion. Consider the following secondorder differential equation:

x = D x - E x x2 - J x 3 - Zi²x + Q [t

(1)

In this equation the stiffness parameter Zi² is cycle
dependent. The dynamics of this parameter is
governed by the so-FDOOHG ³KRSSLQJ PRGHO´ The key
element of this model is a linear Markov process Gj,
generated by a first-order auto-regressive equation:

Gj = IGj-1 + KHj

where 0< I <1 is a constant, and Hj a white noise
process with zero mean and unit variance. This process
could be conceived as a chain of alternative networks
in the system, neighboring networks sharing common
components and being then mutually correlated. This
chain WKHQFRQWDLQV³FRUUHODWHG]RQHV´RIW\SLFDOVL]Hr:
(3)

The alternative networks in the system are supposed
to be successively activated by a random walk along
the chain, whose jump sizes follow a Gaussian
distribution of width U (Figure 1). This random walk
generates a series Gi, representing the networks
activated at each successive iteration. In this process,
correlations within the Gi series increase as the size of
correlation within the chain (r) increases, and decrease
as the width U of the distribution of jumps increases.
The frequency of the limit cycle (Eq. 1) is
determined, for each successive cycle i, by

Gj

Gj+1

Gj+2

Gj+3

where Z0 represents the baseline frequency.
In the initial formulation of the model, the Markov
chain was conceived as possessing an infinite length.
One can considered that the length of this chain
represents the number of alternative networks
susceptible to satisfy the task at hand, and then
provides an index of the degeneracy of the system. So
we introduced a new variable in the model, p,
corresponding to the length of the Markov chain over
which the jumps are performed. The chain is then
bounded by two limits, G1 and Gp. In order to allow the
model to work despite this limited range, we just
reversed the direction of the jump when one or the
other limit of the chain was reached.

3. Method

(2),

r = -1/logI

(4)

We simulated a set of time series with this model,
setting the parameters to the following values: D = 0.5,
E = 1.0, J = 0.02, Z0 = 4S, Q = 0.1, r = 40, Ș= 0.1, U =
20, and P = 1.0. These values were previously shown
to produce long-range correlated series with the initial
model (with a chain of infinite length). The range p
was systematically varied from 10 to 200, by steps of
10. 100 series of 1024 data points were generated for
each range value.
We applied the ARMA/ARFIMA modelling
procedure proposed by Torre et al. [17], in order to test
for the effective presence of long-range correlations in
the series. The method consists in fitting 18 models to
the studied series. Nine of these models are ARMA
(p,q) models, p and q varying systematically from 0 to
2. These ARMA models do not contain any long-range
serial correlation. The other nine models are the
corresponding ARFIMA (p,d,q) models, differing from
the previous ARMA models by the inclusion of the
fractional integration parameter d representing
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Figure 1: Illustration of the hopping model. The random walk selects successively the variables Gj+1,
Gj+3, Gj+5, Gj+2, Gj+7, and Gj+6. The dashed boxes indicated the size (here r = 4) of the correlated zones.
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We present in Figure 3 the results of ARFIMA
modeling. For range value above 60, the percentage of
series recognized as long range correlated fluctuates
between 80 and 90%. For lower range values, the
percentage of long-range correlated series dramatically
decreases.
100
90
80

% ARFIMA

persistent serial correlations. One supposes that if the
series contains long-range dependence, ARFIMA
models should present a better fit than the transient
ARMA models.
In a second step we measured correlations in the
series with the Detrended Fluctuation Analysis [18].
This method provides an exponent D which represents
a measure of the strength of serial correlations in the
series. 1/f fluctuations are characterized E\ĮH[SRQHQWV
close to 1, and uncorrelated series by exponents close
to 0.5.

4. Results
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We present in Figure 2 some example series
produced by the model, for various values of p. As can
be seen, the series produced with high p values tend to
present multiple interpenetrated trends, while series
produced with low p values appear more stationary.
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Figure 3: Percentage of series best modeled by
ARMIFA models.
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The results of DFA are illustrated in Figure 4. As
can be seen, the model produced long-range correlated
VHULHVZLWKĮH[SRQHQWVFORVHWRIRUKLJKp values
DQG 7KHQĮWHQGVWRGHFUHDVHDVp decreases,
and reaches values close to 0.5 for p = 20 and p = 10.
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Figure 4: EvolutiRQRIWKHPHDQĮH[SRQHQWZLWKWKH
length of the Markov chain.
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5. Discussion
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Figure 2: Example series produced by the model. From
top to bottom, p = 200, p = 100, p = 50, and p = 10.

This study suggests a direct, causal link between
degeneracy and long-range correlations. Increasing
degeneracy in the model induces an increase in the
serial correlations in the produced series. Note,
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however, that the results obtained for the highest p
values in the present study are equivalent to those
obtained with a chain of infinite length.
Long-range correlations tend to disappear when the
length of the chain equals the theoretical length of
correlated zones within the chain. In that case, one
could suppose that all networks share important
common components, and variability in the resulting
series mainly arises from the stochastic terms in the
model. Clearly, long-range correlations appear when
sufficiently distinct networks are involved in the
production of performance over time.
Long-range correlations and degeneracy have never
been
simultaneously
considered.
Long-range
correlations characterize the series of outcomes
produced by the system, but are likely to be linked to
its structural and functional complexity [7,13]. Longrange correlations are supposed to characterize the
outcomes of healthy and adaptive systems [8]. On the
other hand, degeneracy has been evoked as a key
feature for explaining the functional architecture of
complex systems, and especially their properties of
adaptability and robustness [9]. Considering these
theoretical foundations, the present results are not
surprising.
Further research is needed for investigating, in
empirical studies, the implications of the present
results. In particular, it seems necessary to question the
nature of degeneracy, as a permanent characteristic of
systems, or as a transient property, defined by the
constraints of the current situation.
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