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Abstract. An accurate choice of the design model of the crank-connecting rod mechanism of piston
internal combustion engines affects the accuracy of the calculation results and their complexity. At present,
most of scientists and technicians choose a two-mass design model to analyze the operation of the crankconnecting rod mechanism. The model considers only the rotational and reciprocating movements of two
masses, which are connected by a rigid weightless rod. This model significantly simplifies the calculations,
neglects the elastic deformations of the parts of the crank-connecting rod mechanism, and eliminates the
need for compiling the equations of dynamics in partial derivatives. However, the model has a number of
drawbacks. The calculation results obtained using the two-mass model exhibit significant errors, which
mainly depend on the design features of the connecting rod assembly. The paper discusses multi-mass
design models, where the connecting rod assembly can comprise several lumped masses located along its
length. In this case, the plane-parallel motion of these masses is added. The masses have weightless and
absolutely rigid bonds. Forces and moments acting on the piston assembly and the crank are calculated
according to the equations compiled. Comparison of the calculation results with the results obtained for a
two-mass model can be used to determine errors and choose a design model that provides the required
accuracy. The considered design model is of interest to engineers and technicians engaged in the design and
calculation of the crank-connecting rod mechanism of piston internal combustion engines.

1 Introduction
The production of agricultural products is characterized
by the use of various mechanisms, which include devices
for converting the rotary motion of the drive unit into the
reciprocating motion of the working body. The correct
choice of the design parameters of such devices, an
adequate assessment of their effect on the effective
operation of the entire mechanism is relevant; therefore,
numerous scientific works are devoted to this issue.
In [1], the authors study the effect of the device
damping properties on the dynamics of the mechanical
part of the combine. In [2], the author substantiated the
advantages and application areas of mobile robotic
systems equipped with walking propellers. Prospects for
further research are analyzed. The optimization involves
estimation of the geometrical parameters of the walking
mechanism, which ensure the movement of the
supporting leg along a given trajectory [3–5].
In [6], the kinematic analysis of the slider-crank
desaxial mechanism is presented for further synthesis of
the mechanism with regard to the peculiarities of its use
in the actuators of crank-connecting rod presses and
mechanization units. In addition, the position function
and transfer functions of the mechanism were
determined. Dependences for solving the inverse
problem of the mechanism analysis were provided.
Precise and approximate dependencies were presented
*

for calculating the kinematic characteristics of the
mechanism. The effect of the degree of deaxiality on
changes in the basic kinematic characteristics of the
mechanism was considered.
The crank-connecting rod mechanism (CRM) is one
of the most important mechanisms of modern
technology, which is found in most internal combustion
engines, including car and truck engines, as well as other
small engines. In [7], the mathematical model of CRM is
a nonlinear system of differential-algebraic equations
(DAE) of the third order, and it is difficult to integrate it
numerically. In the study, the differential transform
method is proposed to obtain an approximate analytical
solution of the CRM model in the form of converging
series. Moreover, post-processing of the solution of the
power series using the Padé resummation method is
proposed to expand the region of convergence of the
solution to the approximate series.
In [8–10], the slider-crank mechanism is a special
four-bar linkage, which simultaneously provides both
linear and rotary motion. The CAD model was prepared
in CATIA V5 to simulate the mechanism and determine
the exact path of the mechanism. The analytical method
that can be used to determine various crank positions and
the corresponding slider position in the slider-crank
mechanism is discussed.
CRM occupies an especially important place in the
design of piston internal combustion engines (ICE). The
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ICE dynamics and, accordingly, the high-speed and load
operation modes of the entire mechanism depend on the
correct choice of the design parameters of the CRM.
To simplify the dynamic calculation of piston ICE,
the actual CRM is replaced by a dynamically equivalent
system of lumped masses. The problem in the dynamic
calculation of the CRM is the determination of the
inertial forces of masses performing complex motion
(masses of the connecting rod). Therefore, in the
dynamic study of the engine, an approximate method of
determining the inertial forces of the connecting rod is
adopted to replace, on the basis of the laws of
mechanics, the motion of the actual mass of the
connecting rod by the motion of two conventional
masses, one of which conventionally slides, and the
other one rotates [11].
Theoretically, the following conditions must be
fulfilled to obtain a dynamically replacing system:
1) the sum of all replacement masses must be equal
to the mass of the connecting rod;
2) the gravity center of all replacement masses must
coincide with the gravity center of the connecting rod
and move according to the law of motion of this gravity
center;
3) the sum of the inertia moments of all replacement
masses relative to the axis passing through the gravity
center of the connecting rod should be equal to the
inertia moment of the connecting rod relative to the same
axis;
4) the angular acceleration of the replacing system in
rotational motion with respect to its gravity center must
be equal to the angular acceleration of the connecting
rod in the same motion.
The third condition is typically not fulfilled. Due to
the small numerical values of the difference between the
moments of inertia of the reduced system and the
connecting rod, which practically do not affect the
accuracy of calculations, the third condition is neglected,
and a system that satisfies the first two conditions is
considered a dynamically replacing system [12].
At the same time, the vast majority of engines for
modern cars and tractors are high-speed. The parts of the
CRM develop significant speeds and accelerations,
which in turn leads to increased requirements for the
reliability of dynamic calculation, and to the emergence
of alternatives in calculating the simplifications that
were successfully used earlier [13, 14].
As an alternative, it is possible to calculate the forces
acting in the CRM that bring the mass of the connecting
rod to an equivalent four-mass model. Then it is
necessary to compare the forces obtained by using the
two- and four-mass models and to consider how the
difference in forces will change depending on the change
in the parameters of the given masses.

Reduction to the two-mass model is carried out by
dividing the distributed mass of the connecting rod into
two lumped masses, one of which slides, and the other
one rotates:

mrp = mr ⋅

Lr − l I
lI
; mrk = mr ⋅
(1)
Lr
Lr

is the mass of the piston assembly:
I
m p = m pk
⋅ Fp ,

(2)

m j = m p ⋅ mrp

(3)

mR = mk ⋅ mrk

(4)

where Fp is the piston area;
are masses that reciprocate:
are masses that rotate:

3 Results
Reduction to a four-mass model
The connecting rod performs a complex plane-parallel
motion. In three- and four-mass models, distributed
inertial loads are considered much better, which
increases the accuracy of numerical calculations [17,
18]. In addition, no additional moment from a pair of
forces occurs with such a replacement, which arises in a
two-mass model due to the fact that the moment of
inertia of the reduced system is not equal to the moment
of inertia of the connecting rod relative to its gravity
center. During replacement of the connecting rod with a
system of equivalent masses and further calculation, an
approximate method of determining the inertial forces of
the connecting rod is adopted. The mass of the
connecting rod m r is conventionally reduced to three,
four or more masses. One of these masses m1 is located
on the axis of the piston pin and refers to the translating
parts, the other one m2 is located on the axis of the
connecting rod journal and refers to the rotating parts, m3
and m4 masses are located on the symmetry axis of the
connecting rod.
The calculation will provide two types of
substitutions with four-mass models (Figure 1): one for
'long' cranks and one for 'short' cranks. Long cranks are
those installed in the CRM with λ≤0.25 or those in which
the distance between the axes of the holes L r is more
than three diameters of the connecting rod journals D rj.
Short cranks are those with L r ≤ 3 · D rj.
This is due to the fact that model 2 can be compared
with a two-mass model, since the system can be reduced
to the moment of inertia similar to that in the two-mass
model [19]. For long cranks, model 1 is more suitable.
To better estimate the error in forces between
different systems of mass substitution, we change the
application points.
For model 1: the application point of mu varies within
the interval uIuII, that is lu = (0,2÷0,6)·lI, the point
application of m3 within the interval kIkII, that is l3 =
(0,25÷0,66)·l2.

2 Materials and Methods
The tables presenting mass values of parts of the CRM
or constructive masses can be used for an approximate
determination of the mass of the piston mp and
connecting rod mr in a two-mass model [5, 6].
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For model 2: the application point of m3 varies within
the interval jIjII, that is l3 varies from the middle of the
distance between the point of the mass center and the
middle of L r to the middle of lI, lu and remains constant
and equal to:

lu = Lr − l I +

Cb

(5)

2

The condition for replacing the connecting rod with
lumped masses is determined by the equality of masses,
static moments and moments of inertia relative to the
center of mass:
For model 1:

mr = m1 + m2 + mu + m3
m1 ⋅ l I + mu ⋅ lu = m2 ⋅ l2 + m3 ⋅ l3

(6)

I r = m1 ⋅ (l I ) 2 + m2 ⋅ l22 + mu ⋅ lu2 + m3 ⋅ l32
For model 2:

mr = m1 + m2 + mu + m3
m1 ⋅ l I + m3 ⋅ l3 = m2 ⋅ l2 + m1 ⋅ l1

(7)

I r = m1 ⋅ (l ) + m2 ⋅ l + mu ⋅ l + m3 ⋅ l
I 2

2
2

2
u

2
3

In both cases, there are three equations and four
unknowns. This means that one of the masses is to be set
independently, and this mass in both cases is mu. In the
first case, it will be approximately equal to the mass of
the rod section from the piston head to the center of mass
(double-T-iron with a width b=min is the value of the
rod width of the real connecting rod). In the second case,
this mass is equal to 2/3 of the mass of the connecting
rod cover with bolts. These masses, as well as the points
of their application, will vary during calculations mu, m3
≈ (0,1÷0,18) · m r. Introduce a parameter that
characterizes the ratio of the given mass mu to the mass
of the connecting rod m r:

z=

mu
≈ (0.05 ÷ 0.20) ⋅ mr
mr

(8)

Transform the system of equations.
First, calculate the moment of inertia of the two-mass
model:
(9)
I r= m r(L r – lI)lI.
Later, we will consider it. As mentioned above, when
replacing the four-mass model of model 1 type, it is
impossible to achieve the same moment of inertia, but let
us not to take values that differ from it by more than
25%. For the four-mass model of model 2 type, the
moment of inertia remains the same. Let us introduce the
ratio of the moments of inertia of the four-mass model to
the two-mass one:

Figure 1. Distribution of masses in four-mass models, where lI
is the distance from the piston head to the mass center; l2 is the
distance from the mass center to the axis of the connecting rod
journal; lu, l3 are distances from the points of application of the
masses mu and m3, respectively, to the mass center; D is the
center of mass; C is the middle of L r; C b is the distance
between the axes of the cover fixing bolts; I r is the moment of
inertia of the connecting rod. In this case, the length of the
connecting rod (the length between the centers of the holes in
the connecting rod) Lr = l I + l2 . The masses m3 and m4 are

q=

Ir 4m
≈ (75...95)% from I r 2 m (10)
Ir 2m

For model 1:
-first transformation

typically smaller than m1 and m2.

3

BIO Web of Conferences 37, 00076 (2021)
FIES 2021

https://doi.org/10.1051/bioconf/20213700076



mш =m1 +m2 +mu +m3
 m ⋅l −m ⋅l' m ⋅l +m ⋅l' l −l' m ⋅l 2 −m ⋅l'2
l3 −l' (11)
2 2
2
3
3 3
3
u u
u
m
−
=
−

 '
r
l'
l'
l'2
l'
 l


2
'
'
2
'
'
'
Ir −mшl3l = m2 ( l2 −l2 ⋅l3 +l2 ⋅l −l ⋅l3) + mu ( lu +lu ⋅l3 −l ⋅l3 −lu ⋅l )
 l'2
l'2
l'2
-second transformation:

m2 =

Ir − mrl3l' − mu ( lu2 + lu ⋅ l3 −l ' ⋅ l3 −lu ⋅ l' )

(l

− l2 ⋅ l3 + l2 ⋅ l' − l' ⋅ l3 )

2
2

Force of inertia in a four-mass model
We consider the plane-parallel motion of the connecting
rod as the rotation of the connecting rod in a moving
coordinate system with a reference point on the axis of
the piston pin, and one of the axes of this system is
directed along the cylinder axis. The translation of this
moving coordinate system associated with the hole for
the piston pin is conventionally relative to the stationary
coordinate system associated with the top dead center of
the piston [19, 20]. Due to this motion of the connecting
rod and reduction to the equivalent multi-mass model,
the translational, centrifugal and tangential inertia forces
of masses m3 and mu (Figure 2) will be applied to the rod
along with the inertia forces of translating masses Pj and
the centrifugal inertia forces of rotating masses KRк and
KR r of masses m3 and mu. Let us consider the forces in
order:
- Force of inertia of reciprocating masses. It acts
along the cylinder axis and is subsequently added to the
force of the gas pressure and yields the total force:

(12)

( m ⋅l − m ⋅l − m ⋅l − m ⋅l + m ) ⋅(l −l )
m=
'

u

u

'

2

u

2

'

2

3

r

l32 − l '2

3

From the obtained system of equations:

m2 =

Ir − mrl3l' − mr ( lu2 + lu ⋅ l3 −l' ⋅ l3 −lu ⋅ l' )

(l

2
2

−l2 ⋅ l3 + l2 ⋅ l' −l' ⋅ l3 )

(13)

Pj' = −m'j ⋅ R ⋅ ω 2 ( cos ϕ + λ ⋅ cos 2ϕ ) (16)

( m ⋅l − m ⋅l − m ⋅l − m ⋅ l + m ) ⋅ (l − l )
m =
'

u

3

u

u

'

2

2

2

'

r

3

where

l32 − l '2

m'j = m pk + m1 .

- Forces of inertia of masses m3 and mu applied to the
points of mass location and acting parallel to the cylinder
axis:

m1 = mr − m2 − mu − m3 .

Pj 3 = −m3 ⋅ R ⋅ ω 2 ⋅ ( cos ϕ + λ ⋅ cos 2ϕ ) , (17)

The masses for model 2 are calculated similarly.
It should be noted that for the calculation according
to model 1, the moment of inertia should be less than
that of the connecting rod of the same mass and length in
a two-mass model.
The inertial forces acting in the CRM (Fig. 5), in
accordance with the motion of the reduced masses in a
two-mass model, are divided into inertial forces of
translating masses Pj and centrifugal inertial forces of
rotating masses KRk and KR r.
The force of inertia from reciprocating masses:
Pj = PjI + PjII = − ( m j ⋅ R ⋅ ω 2 ⋅ cos ϕ + m j ⋅ R ⋅ ω 2 ⋅ λ ⋅ cos 2ϕ )

Pju = −mu ⋅ R ⋅ ω 2 ( cos ϕ + λ ⋅ cos 2ϕ ) . (18)

- Centrifugal forces of inertia of masses m3 and mu,
applied to the points of location of these masses and
acting along the axis of the connecting rod; these forces
arise when the connecting rod rotates around the
instantaneous center at the point of the piston head axis
of the connecting rod:

Pun = mu ⋅ an = mu ( l ' m lu ) ⋅ ωr2

P3n = m3 ⋅ an = m3 ( l ' ± l3 ) ⋅ ωr2

PjI = −m j ⋅ R ⋅ ω 2 ⋅ cos ϕ , (14)

, (19)
, (20)

in model 1, the upper sign is put in the equations, that
is, a minus for the 1st equation and plus for the second
one.
- Tangential forces of inertia of masses m3 and mu,
applied to the points of location of these masses and
acting perpendicular to the connecting rod axis:

– first order force of inertia:

PjI = −m j ⋅ R ⋅ ω 2 ⋅ λ ⋅ cos 2ϕ , (15)
– second order force of inertia.
These forces act along the cylinder axis and, similar
to the gas pressure forces, are considered positive if
directed towards the crank axis, and negative if directed
away from the crank (Figure 2).
Centrifugal force of inertia of the rotating masses of
the connecting rod:
KR r= -mrk · R · ω2. (16)
The force is applied in the center of the connecting
rod journal, is constant in magnitude and direction, and
is directed along the crank radius.

Pun = − mu ⋅ at = mu ⋅ ( l ' m lu ) ⋅ ε r , (21)
P3t = − m3 ⋅ at = m3 ⋅ ( l ' ± l3 ) ⋅ ε r , (22)

signs are accepted according to the same principle as
in the equations of centrifugal forces.
- Centrifugal force of inertia of rotating masses m2 of
the connecting rod. The force is applied in the center of
the connecting rod journal, is constant in magnitude and
direction and is directed along the crank radius:
'
K Rø
= − m2 ⋅ R ⋅ ω 2

4

.

(23)
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Total forces acting in the CRM.
Figure 2. Application of all inertial forces of all masses in a four-mass model.

To calculate the forces in four-mass models, consider
the graphical arrangement of the forces applied to the
connecting rod [21, 22]. Let us choose the coordinate
system with the origin at point A of the connecting rod
and the x-axis directed along the symmetry axis of the

connecting rod. Replace the action of the side of the
cylinder wall and the connecting rod journal on the
piston by the reaction forces RN and RB (Figure 3).

Figure 3. Scheme of the application of forces to the connecting rod in a four-mass replacement.

given moment of time as a static element, that is, the
equations of statics can be applied:
MB = −( P3t + Pj3 ⋅ sin β ) ⋅ (l2 − l3 ) −( Put + Pju ⋅ sin β ) ⋅ (24)
( l2 + lu ) −( RN ⋅ cos β + P'Σ ⋅ sin β ) ⋅ Lr = 0⋅

Let us find these support reaction forces. The
magnitude and direction of the force RN is unknown, but
it is known to act only perpendicular to the cylinder axis.
Therefore, the scheme shows that the angle between the
y-axis and this force is β. Translational forces of inertia
act only parallel to the cylinder axis, which means that
the angle between them and the x-axis is β. The
magnitude and direction of the force RB is unknown,
therefore we conditionally replace it with two forces, one
of which is directed perpendicular to the symmetry axis
of the connecting rod, and the other one is parallel to it.
Let us designate them RBy and RBx, respectively.
Although the connecting rod is in motion, the forces
of inertia applied to the rod enable considering it at a

*

Calculate the force RN:
−( P3t + Pj3 ⋅sin β) ⋅( l2 −l3 ) −( Put + Pju ⋅sin β) ⋅( l2 +lu ) − P'Σ ⋅sin β ⋅ Lr
RN =
cos β ⋅ Lr
The lateral force N' acting from the piston side on
the cylinder wall will be equal to RN with the opposite
direction.
Calculate the force RBy and RBx:

M =( P +P ⋅sinβ) ⋅(l +l ) +( P +P ⋅sinβ) ⋅(l −l ) +R ⋅L =0
A
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( P + P ⋅sin β )(l +l ) +( P + P ⋅sin β )(l −l )
=−
'

t
3

y
B

R

j3

t
u

3

To calculate the forces K’ and T’, it is necessary to
project these forces on the axis parallel and
perpendicular to the crank OB (Figure 4).

'

ju

u

Lr

R = ( P Σ + Pju + Pj 3 ) ⋅ cos β − RN ⋅ sin β − Pun − P3n .
'

x
B

Figure 4. Projection of forces of the coordinate system associated with the connecting rod to the system associated with the
crank.

K ' = − RBy ⋅ ( − sin (ϕ + β ) ) − RBx ⋅ sin (ϕ + β ) ,

ΔT, ΔK, dT, dK and the maximum values of these
quantities are calculated similarly.
Let us set the initial data and sequentially consider
the calculation results according to the initially specified
order of this calculation. These data will be used to
verify the calculation results.
Nominal speed:
n=3000 rpm/min
Crank length:
L r =0.375 m
Cylinder diameter:
D=0.15 m
Piston stroke:
S=0.15 m
λ=0.2
Nondimensional coefficient of CRM:
Crank mass:
mr=9.052 kg
Mass of the reciprocating part of the crank:
mrp=3.800 kg
Mass of the rotating part of the crank:
mrk=5.252 kg
The ratio of the moment of inertia in a four-mass
model to that in a two-mass model: q=90%
The ratio of the specified mass mu to the mass of the
connecting rod: zu=15%
The indicator diagram values for the diesel engine.
A four-mass model of model 1 type.
-Calculation of the center of mass (distance from the
axis of the piston head to the center):

(29)

T = − R ⋅ ( cos (ϕ + β ) ) − RBx ⋅ sin (ϕ + β ) . (30)
'

y
B

With regard to the force of inertia of rotating masses
of the connecting rod, calculate the resulting force acting
along the crank radius:

K ' sum = K ' + K ' Rr .

(31)

4 Conclusion
Let us take the above calculations to calculate and
compare the forces in the two-mass and four-mass
models of both types for several 'non-standard'
connecting rods [23, 24]. We use 'non-standard'
connecting rods because an ordinary two-mass
replacement model has quite acceptable errors for
'standard' rods. In our case, the connecting rods are nonstandard due to the displaced moment of inertia (either
closer to the piston head, or closer to the lower
connecting rod head) and length (too large or too small).
In a four-mass model, the values of masses, the points of
their application, and the moment of inertia will change.
This is done to obtain the regularity of changes in the
difference in forces and to assess the effect of the
parameters. To better understand the calculation and its
results, we introduce additional parameters that
characterize the ratio of dynamically changing values in
percent [25].
For comparison, we introduce the differences of the
compared forces:

3,8 

l ' = 0,375 ⋅ 1 −
= 0, 218m .
9,
052 

-Calculation of the moment of inertia for a two-mass
model:
I r=9,052(0,375-0,218)0,218=0,31 kg·m2.
-Calculation of masses with regard to the conditions
for the equivalent reduction of masses:
mu = 1,36 kg,
m3 = 0,043 kg,
m2 = 4,7 kg,
m1 = 2,95 kg.
-Choice of the moment of inertia for a four-mass
model:

∆N = N 2 m − N 4 m , (31)
ΔNmax is the maximum value of the difference.

dN =

N 2m − N 4m
⋅100% . (32)
N 2m
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I r4м =0,263 kg·m2.
-Optimal choice of lengths:
lu=0,0725 m,
l’=0,218 m,
l2=0,157 m,
l3=0,0525 m.
Figure 5 presents the graphs of changes in the values
of the main forces calculated from the crank rotation
angle.
The maximum relative deviations of force factors are
presented in Table 1.

Table 1. Differences in forces acting in CRM in a fourmass model.

No.

Relative deviations for
a four-mass model, %
1
T
3,76
2
K
-7,16
3
N
15,45
The values of force factor deviations presented in the
table indicate the need for a reasonable choice of the
design model of the crank-connecting rod mechanism of
piston engines.

7
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Fig. 5. Changes in forces T, K, N for two- and four-mass design models.
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