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Abstract. The implementation of forces and moments applied to the 
wheels of a vehicle occurs in the zone of contact of the wheels with the 
supporting surface, and therefore the analytical determination of their force 

and kinematic parameters should be based on consideration of the 
phenomena occurring in contact. One of the directions for solving these 
problems is based on a technique based on the theory of preliminary 
displacement of wheel surface elements in the contact zone with the 
supporting surface and dividing the contact area into adhesion and sliding 
zones, which makes it possible to take a new approach to the consideration 
of wheel rolling mechanics. The use of this technique makes it possible to 
obtain relatively simple equations for such power and kinematic 

parameters of the wheel as the coefficient of rolling resistance, the 
coefficient of tangential elasticity of the wheel, and hysteretic losses in the 
wheel material. The derived equations contain a small number of 
parameters that can be easily determined experimentally and are 
convenient for both theoretical and practical use. Comparison of theoretical 
and experimental results with studies of other authors shows their 
relatively small discrepancy, which confirms the validity of the research 
methodology used, as well as the assumptions made. Keywords: wheel, 
rolling, rolling resistance, friction, hysteresis, tangential elasticity 

coefficient. 

1 Introduction 

Studies of wheel motion are based on various mathematical models that describe the 

process of its rolling [1-21]. At the same time, one can note the variety of approaches used 
to solve this problem, the results obtained, as well as the presence of inaccuracies and 

uncertainties inherent in a considerable number of studies. 

Since the implementation of forces and moments applied to the wheel occurs in the 

contact zone of the wheel with the supporting surface, the analytical determination of the 

force and kinematic parameters of the wheel should be based on the consideration of 

contact phenomena occurring in the contact zone [16,22-34]. 
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It is convenient to consider the mechanics of interaction of a wheel with a supporting 

surface [16,23,33,34], using the so-called «reversed mechanism» of a friction pair «elastic 

wheel – supporting surface», in which the wheel mentally stops, while rotating around its 

axis at a speed 𝜔  , and the supporting surface moves in the direction opposite to the 

movement of the wheel at a speed «–𝑉».  

When the wheel rolls in contact with the supporting surface, tangential displacements of 

points on the running surface of the wheel 𝑈𝑥 = 𝜉𝑥(a –-x), arise due to the implementation 

of a tangential force in the contact. These displacements in the traction area in contact are 

proportional to the relative loss of wheel speed 
 

𝜉𝑥 =
𝑟𝑟

𝑓

𝑟𝑟
 – 1, 

 

where 𝑟𝑟 and 𝑟𝑟
𝑓
 - rolling radius and free rolling radius of the wheel. The ratio V/ω = 𝑟𝑟is 

called the rolling radius. The radius of free rolling of the wheel corresponds to the case of 

wheel rolling in the absence of a tangential force in the contact. 

As the coupled elements of the wheel and the base move in the contact zone, their 

tangential displacements increase; therefore, the tangential friction force acting between the 

coupled elements also increases. At the point of contact where the increased friction force 

reaches the maximum adhesion force, i.e.𝑞𝑡
𝑠𝑙 = 𝜇𝑞𝑛a breakdown occurs and sliding occurs 

on the entire part of the contact located behind the breakdown point (fig. 1). 

 

 

Fig 1. The accepted law of distribution of normal pressures𝑞𝑛 (parabolic) иand tangential stresses qt 

(linear) in the longitudinal direction of the contact;  𝜇 - is the sliding friction coefficient, а – is the 

half-length of the contact area, 𝑥ℎ- is the coordinate of the boundary of the adhesion and sliding areas. 

With an increase in the loss of wheel speed and a corresponding increase in the 

tangential force acting in the contact, the sliding zone increases, as well as the power of 

friction losses in the contact, which characterizes the intensity of wear on the treadmill and 

the rolling resistance of the wheel. 

2 Materials and methods 

To find the main dependencies that determine the force and kinematic characteristics of an 

elastic cylindrical wheel during rectilinear rolling on a flat rigid surface, we use the 

methodology and results of the authors’ previous research [23,33,34]. 

Comparing the formulas of E.A. Chudakov 

 

                                  𝑟𝑟 = 𝑟𝑟
𝑓

± 𝛾𝐹𝐹,    (1) 

 

determining the dependence of the rolling radius of an elastic wheel on the longitudinal 

tangential force, with the dependence 
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                              𝑟𝑟 = 𝑟𝑟
𝑓

– 
2𝑞𝑛0𝑟𝑟

𝑓
𝑎

3𝜆𝑥𝐹𝑧
𝐹𝑥,   (2) 

 

obtained earlier in [33], it can be noted that they have the same structure. By equating 

the right-hand sides of equalities (1) and (2), we can obtain a formula that allows us to 
calculate the tangential elasticity coefficient included in the formula of E.A. Chudakova:  

 

               𝛾𝐹 =   
2𝑞𝑛0𝑟𝑟

𝑓
𝑎

3𝜆𝑥𝐹𝑧
,     (3) 

 

which, using the expressions given in [33], gives: 

 

                                              𝛾𝐹 =   
𝑟𝑟

𝑓
𝑎

2𝑘𝑟𝑑𝐹𝑧𝑠
≈

𝑎

2𝑘𝐹𝑧𝑠
.     (4) 

 

From the joint solution of the equations of power balance and force equilibrium of a 

wheel, the relationship between the moment applied to the wheel and the tangential force 

realized in contact can be represented in the form𝑀 = 𝐹𝑥𝑟𝑟
𝑓
. This allows us to establish a 

connection between the coefficients𝛾𝐹and𝛾𝑀 of tangential elasticity in the formula of E.A. 

Chudakov: 

 

𝑟𝑟 = 𝑟𝑟
𝑓

– 𝛾𝑀𝑀= 𝑟𝑟
𝑓

– 𝛾𝐹 𝐹𝑥. 

  
From here 

                                          𝛾𝑀 =
𝛾𝐹

𝑟𝑟
𝑓 =  

𝑎

2𝑘𝑟𝑑𝐹𝑧𝑠
.                            (5) 

 

The quantitie 𝑎  and 𝑟𝑑  = 𝑟 – 𝑊0 included in the last formulas can be determined 

experimentally or theoretically. In particular, to determine the deflection𝑊0of pneumatic 

tires, the dependencies presented in [31,35]; for solid rubber tires - formulas given 

in[36,37]. 

The half-length of the contact area of a rigid flat base and a wheel with a pneumatic or 

solid rubber tire is less than the value𝑎 = √𝑟2 − 𝑟𝑑
2, determined from purely geometric 

considerations (𝑟 –is the outer radius of the wheel, 𝑟𝑑– is the distance from the wheel axis 

to supporting surface). 

Analysis of a large number of experimental values of the half-length of the contact area 

of automobile tires with a rigid flat base shows that, with an accuracy of 1...3%, the value 

ofacan be calculated using the formula: 

 

𝑎 = 0.85√𝑊0(2𝑟 – 𝑊0) ≈ 0.85√2𝑟𝑊0 , 

 

where 𝑊0  – wheel deflection. 

V.S. Nikitin [39] came to almost the same results, having experimentally found that for 

tractor tires: 

 

𝑎 = (0.76 . . . 0.84)√𝑊0(2𝑟 – 𝑊0)  . 
 

The simple expressions obtained above allow us to calculate𝛾𝑀 and𝛾𝐹with a fairly high 
accuracy. 
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To confirm this, table 1 provides calculated values of  𝛾𝑀  for a number of tires and 

values obtained based on a large series of experiments [31].  

Table 1. Calculated values of γ_M  for a number of tires and values obtained based on a large series 
of experiments 

Parameter 

mm/decanewton ∙ m 

Tire 

 I-P184 OI– 25 I– 247 

𝛾𝑀
𝑒𝑥𝑝𝑒𝑟.

 0.05 0.067 0.031 

𝛾𝑀
𝑡ℎ𝑒𝑜𝑟. 0.053 0.0636 0.034 

 

A comparison of theoretical and experimental results shows their relatively small 

discrepancy, which confirms the validity of the assumptions made, as well as the research 

methodology used. 

When determining power losses due to hysteresis in the tire material, we will take into 

account only the vertical deformation of the tire at the contact area under the influence of 

normal load (since the deformation of the wheel in the tangential direction is much less), 

which allows us to neglect power losses due to hysteresis in the tangential direction 
(although in practice their determination is not possible special difficulties): 

 

𝑃ℎ=2𝑏𝛽ℎ ∫ 𝑞𝑛 |
𝑑𝑊

𝑑𝑡
|

𝑎

0
𝑑𝑥, 

  

where 𝛽ℎ - hysteresis loss factor, 
𝑑𝑊

𝑑𝑡
- tire deformation rate in the normal direction: 

 
𝑑𝑊

𝑑𝑡
=

𝑑𝑊

𝑑𝑡

𝑑𝑥

𝑑𝑥
 =

𝑑𝑊

𝑑𝑥
𝑉=

𝑑𝑊

𝑑𝑥
𝜔𝑟. 

 

From geometric considerations it can be approximately assumed that: 

 

𝑊 =
𝑎2

2𝑟
 – 

𝑥2

2𝑟
 = 

𝑎2– 𝑥2

2𝑟
 = 𝑊0(1 –

𝑥2

𝑎2 ),  

 

where 𝑊0 =  
𝑎2

2𝑟
- maximum wheel deflection (in the middle section).  

The rate of deformation of the tire in the normal direction will be equal to
𝑑𝑊

𝑑𝑡
= −

𝑥

𝑟
𝑉. 

Then the power loss due to hysteresis will be equal to: 
 

𝑃ℎ=2𝑏𝑉𝛽ℎ ∫ 𝑞𝑛0
(𝑎2–  𝑥2)

𝑎

0

𝑥

𝑟
𝑑𝑥 = 

3

16
𝛽ℎ𝑎𝜔𝐹𝑧. 

 
With the found value ofРhthe moment due to hysteresis in the tire material is found as: 

 

𝑀ℎ= 
𝑃ℎ

𝜔
=

3

16
𝛽ℎ𝑎𝐹𝑧. 

 
Knowing the moment due to hysteresis, we can also find the shift arm of the normal 

reaction of the base due to hysteresis: 

Equating to this expression a similar expression𝑏ℎ = 𝑓0𝑟𝑟
𝑓

, derived by R.V. Virabov 

[16,22] for the same shoulder, 

 

𝑏ℎ =
3

16
𝛽ℎ𝑎 = 𝑓0𝑟𝑟

𝑓
 

we get the formula 
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𝑓0 =
3

16

𝑎

𝑟𝑟
𝑓 𝛽ℎ,(6) 

 

which makes it possible to calculate by calculation the coefficient of rolling resistance 

of the driven wheel based on its parametersаand𝛽ℎ, obtained when the wheel is statically 

pressed to the base. 

The hysteresis loss coefficient can be found using, for example, the technique described 

in [39]. 

The rolling resistance of a wheel is estimated by the rolling resistance coefficient, which 

is calculated as the ratio of the rolling resistance force𝐹𝑓applied to the wheel axis to the 

normal reaction to the wheel𝐹𝑛.  

The rolling resistance force can be found from the wheel power balance equation: 

 

                                𝐹𝑓𝑉 =  𝑃ℎ + 𝑃𝑓𝑟 ,                                                        (7) 

 

where 𝑃ℎ  and 𝑃𝑓𝑟 - power losses, respectively, for hysteresis and friction in contact, 

which are determined by the following formulas [23,34,40]: 

 

                       𝑃ℎ =  𝐹𝑛𝑏ℎ𝜔      𝑃𝑓𝑟
𝑑𝑟 = 𝐹𝑥𝜉𝑑𝑟𝑉0𝑃𝑓𝑟

𝑏𝑟𝑎𝑘𝑒 = 𝐹𝑥𝜉𝑏𝑟𝑎𝑘𝑒𝑉   ,                     (8) 

 

where 𝑏ℎ- displacement of the normal reaction of the supporting surface, caused by 

hysteresis, relative to the wheel axis; 𝜔 — wheel angular speed; 𝐹𝑥 — longitudinal force 

acting in contact of the wheel with the supporting surface; 𝑉 — wheel axle speed, 𝑉0 - the 
speed of the wheel axis during free rolling (when its axis is free from longitudinal force, 

and therefore the tangential force in contact is zero); 𝜉 - relative loss of speed; the index 

«dr» refers to the drive wheel, the index «𝑏𝑟𝑎𝑘𝑒» - refers to the brake and driven wheels. 

For the driven wheel, taking into account the above dependencies 

 

  𝐹𝑓0
𝑉 = 𝐹𝑛𝑏ℎ𝜔 +  𝐹𝑓0

𝜉𝑖𝑤𝑉 = 𝐹𝑛𝑏ℎ𝜔 +𝐹𝑓0
𝑉 – 𝐹𝑓0

𝑟𝑟
𝑓

𝑟𝑟
𝑉, (9) 

 

where 𝐹𝑓0
 —driven wheel rolling resistance force.  

For the drive wheel, the rolling resistance force is determined from the equality 

 

             𝐹𝑓𝑉 = 𝐹𝑛𝑏ℎ𝜔 +  𝐹𝑥𝜉𝑑𝑟𝜔𝑟𝑟
𝑓
,                                  (10) 

 

After transformations, taking into account the expressions for𝑏ℎand𝜉𝑑𝑟, we obtain 

 

                                 𝑓 =  𝑓0
𝑟𝑟

𝑓

𝑟𝑟
+

𝐹𝑥

𝐹𝑧

𝑟𝑟
𝑓

 –𝑟𝑟

𝑟𝑟
.                                                (11)

  

The formula for determining rolling resistance during the braking mode of wheel rolling 

can be obtained in a similar way from the equation 

 

                                            𝐹𝑓𝑉 = 𝐹𝑛𝑏ℎ𝜔 +  𝐹𝑥𝜉𝑏𝑟𝑎𝑘𝑒𝑉                                   (12) 

                                              𝑓 =  𝑓0
𝑟𝑟

𝑓

𝑟𝑟
+

𝐹𝑥

𝐹𝑧

𝑟𝑟 –𝑟𝑟
𝑓

𝑟𝑟
.

                      

(13)
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If we consider the longitudinal force𝐹𝑥for the brake wheel to be negative, then equation 

(13) will be common for all rolling modes. 

Using the above dependencies, it is shown in [40] that the minimum value of the rolling 

resistance coefficient corresponds to the case when the wheel is driven simultaneously by a 

longitudinal force equal to half the force when the wheel is rolling in the driven mode, and 

a driving moment equal to half the rolling resistance moment from hysteresis (i.e. this is the 

case corresponding to the middle of the neutral mode). 

3 Conclusions 

Consideration of the mechanics of rolling of an elastic wheel, based on an analysis of the 
phenomena occurring in the contact of the wheel with the supporting surface, including the 

theory of preliminary displacement of the elements of the wheel surface in the contact zone 

with the supporting surface and the division of the contact area into adhesion and sliding 

zones, made it possible to obtain relatively simple equations for such power and kinematic 

parameters of the wheel as the coefficient of rolling resistance, the coefficient of tangential 

elasticity of the wheels, and the power of hysteresis losses. The derived equations contain a 

small number of parameters that can be easily determined experimentally and are 

convenient for both theoretical and practical use. 

Comparison of theoretical and experimental results with studies of other authors shows 

their relatively small discrepancy, which confirms the validity of the assumptions made, as 

well as the research methodology used. 
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