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Abstract. We use the Tikhonov method as a regularization technique for 
solving the integral equation of the first kind with noisy and noise-free data. 
Following that, we go over how to choose the Tikhonov regularization 
parameter by implementing the Intelligent Piratical Swarm Optimization 
(IPOS) technique. The effectiveness of combining these two approaches 
IPOS and Tikhonov is demonstrated to be highly practicable. 

1 Introduction 
The discretization method has been widely employed in numerous papers as a key approach 
for solving integral equations  [1–4]. Scholars have estimated the fault of the estimated 
solution, considering the discretization of integral equations, in previous works [5-8]. In 
particular, when the integral equation of the first kind, there are many articles that debate and 
apply the regularization methods for solving  integral equation problems [9]–[13] [14] [15], 
[16]. The success of these regularization techniques depends on carefully examining the 
mathematical inverse issues linked to the assertions of the works contents and categorizing 
obvious issues in their resolution [17-22]. 

There are significant search methods that incorporate population-based optimization. 
These methods belong to a group of algorithms that draw inspiration from nature, such as 
“PSO”. The “PSO” established by Eberhart and Kennedy [23] can locate global optimum 
solutions or accurate approximations for many types of inverse problems. In [24] the “PSO” 
used to determination electromagnetic inverse issue by presenting a new appropriateness 
excellent procedure, a dynamic parameter informing plan, and matching the inspection and 
manipulation quests. This methodology also contains a new place updating formulation to 
evade getting trapped in limited optima. In the paper  [25] particle swarm optimization is 
employed to address inverse design issues for cylindrical thermal multilayer shielding and 
cloaking shells. These inverse issues are transformed into related control problems. The PSO 
technique is also utilized in [26-28]. 

To stabilize the result of the problem integral equation first kind, the method 
regularization Tikhonov is hired. The key to the success of Tikhonov lies in selecting the 
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appropriate regularization parameter. This parameter controls the balance between fitting the 
data and achieving a smooth solution. IPSO is a nature-inspired optimization algorithm that 
has been successfully used in various fields to find the global minimum of a cost function. It 
is hypothesized that IPSO can effectively select the optimal parameter in the method of 
Tikhonov. By combining the Tikhonov with IPSO methods for parameter selection, a more 
stable and accurate solution to problems can be obtained. This improves the practicality of 
solving real-world problems. This paper explores the effectiveness of this combined 
approach through thorough mathematical analysis and numerical experiments on various 
case studies. Each step of this work is explained. Section 2 describes the problem and 
provides a mathematical analysis of the integral equation problem and the Tikhonov 
approach. Section 3 defines the IPSO algorithm and explains the crucial steps or sections for 
programming. Finally, the outcomes demonstrate the capability of IPSO to select a 
regularization parameter while disregarding noise. 

Problem Statement 
The next integral problem takes into consideration. 

  (1) 
where  the signify the kernel operator  

where . We propose for   there exist a 
true solution  for problem (1) in the set  

 (2) 

The function  is unidentified in its place we have  and  such that 
. For resolving the (1) we need discovery the solution  by 

using , and . Then estimated the deviation of the calculation solution  from 

the  in 2 , ,L a b  

Let describe operator  by  
 (3) 

There is an operator named   which can be defined by 
 (4) 

by (3) and (4) we get  where  
The operator  has finite-dimensional property and it has been defined in order to 
calculating the mathematical for (1),   swapped with the . Next step it is necessary split 
intervals  and  into  and  equivalent slices respectively. Where interval   
divided , and interval  divided by points 

. Now define next  
       (5) 

 (6) 
    (7) 

where  By (5)–(7) 
we get  and  

 and   (8) 
The (1) reduce to linear operator problem. 

   (9) 
The estimate solution for (1) can be found by consuming the general “discrepancy method” 
proposed in [29] and studied in [30]. The method reduces the (9) to the “conditional 
extremum variational” problem. 
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  (10) 

For resolving (10) we get  
  (11) 

 
for rewriting the (11) in the form of vector and matrix  

 
where  and 

 

 

 

 

 

 

2 PSO for parameter α selecting 
In the following we consider IPOS way for selecting the Tikhonov regularization parameter 
α, without need known the noise level δ. 

The fundamental concept of IPSO can be stated clearly as follows [33]. Each member of 
the swarm, known as a "particle," represents a possible solution; every particle modifies its 
position in the search domain and updates its velocity in accordance at each iteration with its 
own and its "neighbors'" flying experiences, striving for an improved position for itself 
provided that it meets certain fitness requirements. 

The “current best position” (cbest), which is the best engaged site among all affiliates 
from the start of the search until end, it is efficient and learned iteratively by the algorithm. 
Additionally, each particle memorizes its personal best position (pbest), also known as its 
best experienced position. The equation , where e characterizes the velocity, is used 
to compute the distance each particle travels to reach its subsequent position. It is calculated 
for particle i at iteration t as follows: 
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 (12) 
 (13) 

 (14) 
The distances between a particle's current position and its best individual and global 

positions are  and , respectively. The ω is defined as inertia weight,  are uniform 
random numbers, and are called acceleration coefficients. 

 is equal to 1 between any two subsequent iterations (i.e., ), hence 
particle i will be in the following position at iteration : 

 (15) 
Now, the IPSO calculation methods are applied by the steps that follow to solve the problem. 
step 1: Define the problem and the IPSO. 
In this part, we define integral equation of the first kind and the IPSO. We create the fitness 
or “cost function” (CostFunction). Then, we have to set up the subsequent variables and 
function: 

 Set domain size n 
 Define cost function:  

CostFunction (v, A, f, n) 
{ 

 
 

return  
} 

 Set nVar; / ”number of unknown decisions variables” 
 Set VarSize = [1, nVar]; / ”matrix size of decision variables” 
 Set VarMin ; /”lower bound of decision variables” 
 Set VarMax;  / “upper bound of decision variables” 

Step 2: Parameters. 
 “Set maximum of iterations” MaxIt  
 “Set population size” (swarm size) nPop  
 Set w  
 Set c1  
 Set c2  

Step 4: Initialize population members  
 “Define the arrays for particle”: Position = [ ]; Velocity = [ ]; Cost = [ ]; 

Best.Position = [ ]; Best.Cost = [ ]; 
 “Define the current best” Current Best = inf; 
 “Loop under population size” (nPop) 
 “Create random” Position = unifrnd(VarMin, VarMax, VarSize); 
 “Adjust velocity” Velocity = zeros (VarSize); 
 “Valuation “  Cost = CostFunction(Position); 
 “Update best position and cost by” Best.Position and Best.Cost = Cost; 
 “Update the current best (position and cost) by “ 

If Best.Cost < Current.Best Cost 
Current.Best = Best.Position and Best.Cost = Cost 

 End loop over nPop 
Step 5:  Main loop of PSO 

 Loop over iterations it=1: MaxIt 
 Loop under population size (nPop) 

 Update velocity: 
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 Velocity = w * Velocity + c1*rand(VarSize) .* Best.Position - 
Position+ c2*rand(VarSize) .* Current.Best.Position - Position); 

 Update position” 
 Position = Position + Velocity; 

 Evaluation: 
Cost = CostFunction(Position); 

 Update  
if Cost < Best.Cost 
             Best.Position = Position; 
            Best.Cost = Cost;  

 Update  
if Best.Cost < Current.Best.Cost 

                 Current.Best = Best; 
              End 
End 

 End loop over nPop 
 Store the best cost value Best.Costs(it) = Current.Best.Cost; 
 End loop over iterations MaxIt 

Step 6: Obtain the results. 
 Set α= Best.Costs(it); 
 Find approximation solution for inverse problem by: 

 
 

3. Numerical experiments 
In this section we study the Fredholm integral equation of the first kind as the generic for our 
testing  

 (16) 
After discretizing (16), we get 

 (17) 
The Fredholm integral equation(16) is discretized to produce each example. The discrete 

ill-posed issue (17) is the discretized form. The efficiency of the PSO algorithm for parameter 
selection in the Tikhonov method is examined in this section. We give various instances that 
demonstrate how the PSO performs and support its accuracy and effectiveness. We consider 
noise-free and noisy data without used in parameter selection process. 

Example 1 (Phillips test) The MATLAB function Phillips from [34] is used to discretize 
the integral equation using the Galerkin approach. The vectors f, u, and matrix A are the 
results. A is an indefinite, symmetric coefficient matrix.  The matrix's singular values steadily 
decrease to zero.  The matrix is in ill-condition case. 

Example 2 (Gravity test) To create the matrix A, a symmetric Toeplitz matrix, we employ 
the gravity function from [34]. The depth of the magnetic deposit is a parameter for the test 
called d. In our testing, we use the parameter's default value of d = 0.25 However, selecting 
a higher number for d causes the single values to decay more quickly. The matrix A and 
vector u are produced using the Matlab function gravity. The right side is then calculated 
using the formula f = Au. 
The values for all PSO algorithm parameters with measured and unmeasured noise levels 
are shown in Tables 1 and 2. The all tests with nose-free and nose level have the commune 
parameters value in PSO as following: 

 nVar = 1 
 VarSize = [1, nVar] 
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 VarMin = 0; 
 VarMax = 1; 
 c1 = c2 = 2. 

Table 1. PSO parameters with unknown noise level 

Name of 
Parameter 

Philips test Gravity test 
nose-free with nose nose-free with nose 

MaxIt 50 100 30 50 
nPop 5 20 4 10 

 
In our three experiments, POS techniques produce nearly satisfactory outcomes for a 

range of noise levels as well as for noise-free situations. We present the findings for the 
current best regularization parameter in Figures. 1, and 2 along with the results for the precise 
solution compared with population selection in the initial portion and solutions in the iteration 
section. 

 
(a) 
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(b) 

Fig. 1. Phillips test 

 

 
(a) 
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(b) 

Fig. 2. Gravity test 

4 Conclusion 
In this article, we review the regularization Tikhonov approach and IPSO for resolving the 
integral equation with noisy and noise-free data. We offer a mathematical analysis of a 
disretization step for integral equation. To ensure that the approximation to the exact solution 
converges, the regularization parameter for the Tikhonov regularization method must be 
chosen by new technique. IPSO worked as searcher for the best regularization parameter. 
Using the variational equation for the Tikhonov method as a cost function, that resulted in 
the least value for the variational equation. In numerical experiments various problems are 
employed as case studies such as the Phillips, and Gravity test. The numerical outcomes 
demonstrate the effectiveness of combining the Tikhonov regularization method with IPSO. 

References 
1. A. G. Goncharskii, A.V. Leonov, A.S., Yagola, “Finite-Difference Approximation of 

Linear Ill-Posed Problems,” Zh. Vych. Mat. Mat. Fiz, vol. 14, no. 4, pp. 1022–1027, 
1974. 

2. V. K. Ivanov, V. V. Vasin, and T. V.P., Theory of Linear Ill-Posed Problem and 
Application. Nauok Moscow, 1978. 

3. V. P. Tanana, “Projection methods and finite-difference approximation of linear 
incorrectly formulated problems,” Sib. Math. J., vol. 16, no. 6, pp. 999–1004, 1975, doi: 
10.1007/BF00967398. 

4. V. V. Vasin, “Discrete convergence and finite-dimensional approximation of 
regularizing algorithms,” USSR Comput. Math. Math. Phys., vol. 19, no. 1, pp. 8–19, 
1979, doi: 10.1016/0041-5553(79)90062-4. 



9

BIO Web of Conferences 97, 00039 (2024)	 https://doi.org/10.1051/bioconf/20249700039
ISCKU 2024

5. S. A. Noaman, H. K. Al-Mahdawi, B. T. Al-Nuaimi, and A. I. Sidikova, “Iterative 
method for solving linear operator equation of the first kind,” MethodsX, vol. 10, p. 
102210, 2023. 

6. B. T. Al-Nuaimi, H. K. Al-Mahdawi, Z. Albadran, H. Alkattan, M. Abotaleb, and E.-S. 
M. El-kenawy, “Solving of the Inverse Boundary Value Problem for the Heat 
Conduction Equation in Two Intervals of Time,” Algorithms, vol. 16, no. 1, p. 33, 2023. 

7. V. P. Tanana and A. I. Sidikova, “On Estimating the Error of an Approximate Solution 
Caused by the Discretization of an Integral Equation of the First Kind,” Proc. Steklov 
Inst. Math., vol. 299, no. 1, pp. 217–224, 2017, doi: 10.1134/S0081543817090231. 

8. V. P. Tanana, E. Y. Vishnyakov, and A. I. Sidikova, “An approximate solution of a 
Fredholm integral equation of the first kind by the residual method,” Numer. Anal. Appl., 
vol. 9, no. 1, pp. 74–81, 2016, doi: 10.1134/S1995423916010080. 

9. H. K. Al-Mahdawi, A. I. Sidikova, H. Alkattan, M. Abotaleb, A. Kadi, and E.-S. M. El-
kenawy, “Parallel Multigrid Method for Solving Inverse Problems,” MethodsX, p. 
101887, 2022. 

10. A. I. Sidikova and H. K. Al-Mahdawi, “The solution of inverse boundary problem for 
the heat exchange for the hollow cylinder,” in AIP Conference Proceedings, 2022, vol. 
2398, no. 1, p. 60050. 

11. H. K. Al-Mahdawi and A. I. Sidikova, “Iterated Lavrent’ev regularization with the finite-
dimensional approximation for inverse problem,” in AIP Conference Proceedings, 2022, 
vol. 2398, no. 1, p. 60080. 

12. H. K. I. Al-Mahdawi, M. Abotaleb, H. Alkattan, A.-M. Z. Tareq, A. Badr, and A. Kadi, 
“Multigrid Method for Solving Inverse Problems for Heat Equation,” Mathematics, vol. 
10, no. 15, p. 2802, 2022. 

13. H. K. I. Al-Mahdawi, H. Alkattan, M. Abotaleb, A. Kadi, and E.-S. M. El-kenawy, 
“Updating the Landweber Iteration Method for Solving Inverse Problems,” 
Mathematics, vol. 10, no. 15, p. 2798, 2022. 

14. H. K. Al-Mahdawi, Z. Albadran, H. Alkattan, M. Abotaleb, K. Alakkari, and A. J. 
Ramadhan, “Using the inverse Cauchy problem of the Laplace equation for wave 
propagation to implement a numerical regularization homotopy method,” in AIP 
Conference Proceedings, 2023, vol. 2977, no. 1. 

15. R. Plato, P. Mathé, and B. Hofmann, “Optimal rates for Lavrentiev regularization with 
adjoint source conditions,” Math. Comput., vol. 87, no. 310, pp. 785–801, 2018. 

16. R. Plato, “The Product Midpoint Rule for Abel-Type Integral Equations of the First Kind 
with Perturbed Data,” in New Trends in Parameter Identification for Mathematical 
Models, Springer, 2018, pp. 195–225. 

17. V. B. Glasko, N. I. Kulik, I. N. Shklyarov, and A. N. Tikhonov, “An inverse problem of 
heat conductivity,” Zhurnal Vychislitel’noi Mat. i Mat. Fiz., vol. 19, no. 3, pp. 768–774, 
1979. 

18. A. S. Belonosov and M. A. Shishlenin, “Continuation problem for the parabolic equation 
with the data on the part of the boundary,” Siber. Electron. Math. Rep., vol. 11, pp. 22–
34, 2014. 

19. S. I. Kabanikhin, A. Hasanov, and A. V Penenko, “A gradient descent method for solving 
an inverse coefficient heat conduction problem,” Numer. Anal. Appl., vol. 1, no. 1, pp. 
34–45, 2008. 



10

BIO Web of Conferences 97, 00039 (2024)	 https://doi.org/10.1051/bioconf/20249700039
ISCKU 2024

20. A. G. Yagola, I. E. Stepanova, Y. Van, and V. N. Titarenko, “Obratnye zadachi i metody 
ikh resheniya. Prilozheniya k geofizike,” Inverse Probl. Methods their Solut. Appl. to 
Geophys. Moscow Binom. Lab. znanii, 2014. 

21. S. I. Kabanikhin, O. I. Krivorot’ko, and M. A. Shishlenin, “A numerical method for 
solving an inverse thermoacoustic problem,” Numer. Anal. Appl., vol. 6, no. 1, pp. 34–
39, 2013. 

22. V. P. Tanana, “On the order-optimality of the projection regularization method in solving 
inverse problems,” Sib. Zhurnal Ind. Mat., vol. 7, no. 2, pp. 117–132, 2004. 

23. M. Hajihassani, D. Jahed Armaghani, and R. Kalatehjari, “Applications of particle 
swarm optimization in geotechnical engineering: a comprehensive review,” Geotech. 
Geol. Eng., vol. 36, pp. 705–722, 2018. 

24. O. U. Rehman, S. U. Rehman, S. Tu, S. Khan, M. Waqas, and S. Yang, “A quantum 
particle swarm optimization method with fitness selection methodology for 
electromagnetic inverse problems,” IEEE Access, vol. 6, pp. 63155–63163, 2018. 

25. G. V Alekseev and D. A. Tereshko, “Particle swarm optimization-based algorithms for 
solving inverse problems of designing thermal cloaking and shielding devices,” Int. J. 
Heat Mass Transf., vol. 135, pp. 1269–1277, 2019. 

26. J. L. G. Pallero et al., “Particle swarm optimization and uncertainty assessment in inverse 
problems,” Entropy, vol. 20, no. 2, p. 96, 2018. 

27. B. Zhang, H. Qi, S.-C. Sun, L.-M. Ruan, and H.-P. Tan, “Solving inverse problems of 
radiative heat transfer and phase change in semitransparent medium by using Improved 
Quantum Particle Swarm Optimization,” Int. J. Heat Mass Transf., vol. 85, pp. 300–310, 
2015. 

28. R. Perera, S.-E. Fang, and A. Ruiz, “Application of particle swarm optimization and 
genetic algorithms to multiobjective damage identification inverse problems with 
modelling errors,” Meccanica, vol. 45, pp. 723–734, 2010. 

29. TANANA V.P., “on an iterative projectin algorithm for first-order operator equations 
with perturbed operator,” Dokl. AN SSSR, vol. 224, no. 15, pp. 1025–1029, 1975. 

30. V. P. Tanana, “On an iterative projection algorithm for solving ill posed problems with 
an approximately specified operator,” USSR Comput. Math. Math. Phys., vol. 17, no. 1, 
pp. 12–20, 1977, doi: 10.1016/0041-5553(77)90065-9. 

31. A. N. Tikhonov, “On the solution of ill-posed problems and the method of 
regularization,” Dokl. Akad. Nauk SSSR, vol. 151, no. 3, pp. 501–504, 1963. 

32. A. V. Goncharskii, A. S. Leonov, and A. G. Yagola, “A generalized discrepancy 
principle,” USSR Comput. Math. Math. Phys., vol. 13, no. 2, pp. 25–37, 1973, doi: 
10.1016/0041-5553(73)90128-6. 

33. R. Eberhart and J. Kennedy, “A new optimizer using particle swarm theory,” in MHS’95. 
Proceedings of the sixth international symposium on micro machine and human science, 
1995, pp. 39–43. 

34. P. C. Hansen, “Regularization tools version 4.0 for Matlab 7.3,” Numer. algorithms, vol. 
46, pp. 189–194, 2007. 

 


