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Abstract. This study investigates distance-based statistical parameters
and squared Euclidean distance for samples from exponential and gamma
distributions. Statistical tests can be used as two-sample tests to determine
the homogeneity between the distributions of two data sets, whether they
are circular or linear. This study uses standard squared Euclidean distance
linear data to calculate the properties of the proposed statistical tests,
including one-dimensional and two-dimensional or higher assumptions.

1. Introduction

A two-sample permutation test is a two-independent-sample scenario used to test
hypotheses about the similarities and differences between two populations or groups. It
maintains a fixed sample size for each population and computes the selected test statistic
for each permutation sample. The collected values form the distribution used for p-value
calculations. This test is not based on an assumption about the underlying shape of the
distribution, but on the null hypothesis [1].

Two-sample problems are complex and require the use of multivariate tests. Classical
methods such as the Kolmogorov-Smirnov and Cramér-von Mises tests do not have a
natural distribution-free extension to the multivariate case. These tests are based on
distributional assumptions about the underlying population and therefore are not suitable
for general two-sample or k-sample problems. To solve this problem, many methods
require computational methods. Bickel developed a consistent distribution-free multivariate
extension of the univariate Smirnov test, while Friedman and Rafsky proposed a
distribution-free multivariate extension of the Wald-Wolfowitz test. The nearest neighbor
test is another consistent, asymptotically distribution-free test for multivariate problems.
Baringhaus, Franz, Székely, and Rizzo independently developed a multivariate
nonparametric test for uniform distribution [2,3]. However, all the above non-parametric
tests cannot be used when the data dimension is larger than the sample size, and they
perform poorly when applied to high-dimensional data.
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The term "energy statistics" was introduced by Székely in a series of lectures in 1984-
1985. Szekely's basic idea and name are derived from Newton's concept of potential
energy. Statistical observations can be thought of as objects in a metric space that are
governed by statistical potential energy, which is zero if and only if the underlying
statistical null hypothesis is true. Energy statistics (E-statistics) are a class of statistics that
are a function of the distance between observations [4].

Let Aand T be two independent random variables and let {2, As, ..., Ax} and
{T1,3F,, ..., Tox} bet independent samples from these random variables then the energy
statistic is defined by

EUT) = o (st — g be — g ta) (D

where
9 W 2 92 W™ W
t1 = ZZCD(%'%)» #2 =ZZ®(%'%‘)' F3 = szb(zv ;)
i=1j=1 i=14=1 i=1j=1
and 1)(%[1, TL;) represents the distance measure between the observations; and T,
[2][5].

However, since the distribution of the energy statistic is unknown, this statistic can be
used with a permutation test (which is very time-consuming) to test for homogeneity
between the two sets of distributions. Therefore, the following question arises: Can we
reduce the computational time of permutation tests by considering energy-like statistics?

In this paper, we answer this question by first considering an energy-like statistic that
can be used as a test statistic to determine homogeneity between two sets of distributions.
Furthermore, normal samples, squared Euclidean distance, and test characteristics in
different dimensions are theoretically calculated.

2. PROPERTIES OF THE ENERGY-LIKE STATISTIC WITH ONE-
DIMENSIONAL CASE (p = 1)

2.1-The expected value for the statistic T is computed in the following way: - Assume
that A and T are two independent random variables such that U~Exp(A)and T~Exp(1))
and that &; = {Uy, Uy, ... , Uy, } and &, = {T;,T,, ... , Ty, }are two random samples
from these random variables, then

191 92

B8 =B | () > > o)

=1 =1
191 92

D+ D52
_ <_@12)2 ) ZZE(@(H@ 7))
i=1 j=1
Since DU, T;) = (ILL - iij)z, i=1,2,...91:4=1,2,...,9,, then we get:

E(7:(61,€) = ($52) * X4 52 B(Q - T)P) @)
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The formula E[(Hi - i;)z] in Equation (2) is computed under the assumption of the
independent and identically distributed (i.i.d) normal samples as follows:

E(U—D)?)

b[ J-(II - 3% f(U,Z) dudg

Given that the random wvariables U and ¥ have similar distributions and are
independent, the following results from various mathematical procedures are obtained:

E(QU — T)?) = EQU?) — 2EQU)E(T) + E(T?) = 2A% — 2A? + 2A% = 2)?
So, Equation (2) will equal to

L 1
T A R T i
B (2)12)2 ) Z/L:l Zf:l 20 = (‘31‘52 ) 29,9,1" 3)

The variance of the statistic T is calculated as follows:

191 92
Var(7:(8,,6,)) = Var (%) ZzZ(uw%)

=1 j=1
91 D2

2.9
— ﬁVar Z z (SD(ILL, ‘J’L;))

i=1j=1

Since DU, ) = (U — ;)5 4=1,2, ..., D1:4= 1,2, ..., s, then we get:

Var(T(,, ,)) = g var (23, 502, (0 - %)) )

91+

The formula Var(Z?:l1 zﬁ’jl(u{ — 1;)2) Assuming independent and identically
distributed (i.i.d.) normal samples, the following computation is made in Equation (4):by
setting D;; = (lli - %7-)2 we get :

21 D2
Var Z Z(lli — ‘I,-)Z
i=1j7=1
= [Var(®,1) + Var(Dy,) + -+ Var(i)lg)z) +Var(D,,)
+Var(D,,) + -+ Var(i)z%) + -4 Var(iDlel) (5)
+Var(Dy,z ) + -+ Var(Dy,qp, )]
+ 2[c0v(®11,®12) + cov(Dy1,Dq3) + - + cov(i)n,fblg,z)
+ cov(Dq5,Dq3) + cov(Dq5, Dyy) + -+ + cov(i)lz, 3)12)2)
+ -+ cov(Dy, 9,-1) Dy,9,)]
since,
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Var(®) = Var((U — ©)?) = E(U - D*) — [E(U - D)H)]?

— EQU* — 25T + 602%2 — 4UT? + T4 — (EQU2 — 2UT + T2))°

— EQU*) — 4EQP)E(T) + 6EQU)E(T?) — 4EQDE(T?) + E(TH)
— (EQu?) — 2EQDE(T) + E(32))°

= 240% — 4(603) (D) + 6(202)(222) — 4(0) (6A3) + 24\*
— (202 — 2% + 2)2)?
= 240% — (202)?

= 200* (6)

since @11 == (111 - 3:1)2 and @12 = (ul - 12)2

Cov(D11, D12) = E(D11D12) — E(D11)E(D12)
= E((u1 - 11)2(111 - 12)2) - E((u1 - z1)2)]3((111 - S12)2)

— 20, F2T, + T232) — EQUZ — 20, T, + THE(U? — 21, T, + T2)

= 240% — 120% + 40% — 120% + 8A* — 40% + 4\ — 40% + 40t
— (202 — 202 + 202)(2A% — 222 + 2)2)
= 1204 — 4%

= g\t (7)

E(®) = E((U —%)?) = EQU? — 2UT + T?) = EQU?) — 2EQE(T) + E(T?) )
= 2A% — 22 + 2% = 2)?
Applying Equations (6), (7), and (8) in Equation (5) we get the following

91 D2
Var ZZ(ui —%,)" | = [200* + 16(D, + D, — 2)A%] ©)

i=1j=1
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Applying Equation (9) in Equation (4) we get the variance of the statistic Tz which is
given by

(919,)°

9, 19, [20A* + 16(D; + D, — 2)AY] (10)

Var(74(6,,8,)) =

2.2- The expected value for the statistic Tgis computed as follows: Let W and T be two
random variables that are independent such that U~Be(a, f)and T~Be(a, 3).

Let &, = {U, Uy, ... , Uy } and S, = {T;,T,, ... ,Ty,} be two random samples
from these random variables.

191 92

B0 G0 8) =B| (Bg2) D > ()

i=1j=1
_1 D1 D2
(%;’@?2) Z; (o1, %))

Since D(II¢, iz,») = (lli — SI;,»)Z, i=1,2,...91:7=1,2,...,9,, then we get

191 92

E(Mel,ez))—(w?z)“zz (i -,)") (1)

i=1 j=

Equation (11) formula E [(114 - ‘Z’L;)z] is calculated as follows, assuming independent

and identically distributed (i.i.d.) normal samples:

oo o

E(QU —3)?) =Jf(ll—i)2 fQur, ) du dizfj(llz—leiZ+$2)f(ll,$) dud¥
00 00

After performing some mathematical processes, we get the following because the
random variables U and T are equivalently distributed and independent:

E(QU —I)?) = EQU?) — 2EQDE(T) + E(T?)
= af? + a?B? — 2a*B? + af? + a?p? = 2aB?

So, Equation (11) will equal to

E(T5(61,6,)) = (2)931-;?2)_ ZZ 20B% = ( @12)22)2) 29,9,ap? (12)

The variance of the statistic T is calculated as follows:
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191 92

Var(Tx(S,, &,)) = Var (%ff)z D (L)

i=17=1
91 D2

919,
=g g Var > ) a3

i=1j=1

Since D(U, %) = (W, —F;)5 4= 1,2, ..., D15 4= 1,2, ..., D, then we get

V1 D2
Var(Tx(S,,S,)) = 2)?1‘3);)2 Var Z Z(ui -x,) (13)
i=1j=1

Equation (13) formula Var (Z?zll Z?jl(m - %)2 ) is calculated using the following
method assuming (i.i.d) normal samples:
by setting D;; = (Hi - ‘Ij)z we get :

D1 D2
var( Y 3 (- %)’
i=14=1
= [Var(Dll) + Var(D,,) + -+ + Var(i)lg)z) + Var(D,,)
+ Var(D,,) + -+ + Var(@zsyz) + -+ Var(iD%l) (14)
+Var(Dy,; ) + - + Var(Dy,y, )]
+ 2[cov(®11,®12) + cov(Dy1,Dq3) + - + cov(i)ll,i)lg)z)
+ cov(Dy, Dy3) + cov(Dyz, Dyy) + -+ + cov(Dyy, Dyy, )
+ ot COV(®‘D1@2—1)' ®2)12)2)]
since,

Var(®) = Var((U — ¥)?) = (U - D*) — [E(U — D)H)]?
= EQU* — BT + 6122 — 4UT? + T4 — (EQ? - 2UT + T2))°

= EQU*) — 4EQ)E(T) + 6EQU?)E(T?) — 4EQDE(T®) + E(T*)
— (EQU?) — 2EQDE(T) + E(32))’

= (a*B* + 6a3B* + 11a?B* + 6aB*) — 4(aP) (B3 + 3a?B> + 2aB®)
+ 6(a®B? + ap?)? — 4(aP) (o3B3 + 3a2p3 + 2ap?)
+ (a*B* + 603B* + 11a?B* + 6ap*)
— (af? + a?B2 — 2a?B% + af? + a?B?)?

= 2(a*B* + 603B* + 11a?B* + 6af*) — 8(aB) (B> + 3a?B® + 2ap>)
+6(a?B? + af?)? — (2ap?)?

= 1202B* + 12ap* — 4a?p*
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= 8a?B* + 12ap* (15)

COV(©11: i312) = E(©11®12) - E(©11)E(®12)
= E(Q; — ), — T,)%) — E(Q — THHE(Q — T,)?)
— 2111$%$2 + Sﬁ%%%) - E(llf - 20,3, + If)E(lIf - 2,3, + S%)

= (a*B* + 6a3B* + 11a?B* + 6ap*) — 2(af) (®B> + 3a?B3 + 2ap3)
+ (@?B? + af?)? — 2(ap) (3B + 3a2B3 + 2ap3)
+ 4(a?B? + af?)(a®B?) — 2(a®B* + af?) (a*p?) + (a®B* + aB?)?
— 2(a?B? + a?)(a®B?) + (a®B* + af?)? — (af? + o*p? — 2a*B?
+ af? + a?B?) (aB? + a?B? — 202B? + af? + a?B?)

= (a*B* + 6a3B* + 11a2B* + 6ap*) — 4(af)(a®B3 + 3a?B3 + 2aB3)
+ 3(a?*B? + aB?)? — (2ap?)?

= 6a%B* + 60p* — 4a?B*

= 2a%B* + 6ap* (16)

E(D) = E(U — 3)%) = EQU? — 2UZ + T?) = E(U?) — 2EQDE(Z) + E(T?)

= af? + a?B% — 2a%B? + af? + o?B* = 2aB?

Applying Equations (15), (16), and (17) in Equation (14) we get the following

91 D2

Var ZZ(HAL - Zj)z (17)

i=14=1

= [8a?B* + 12aB* + (Y, + D, — 2)(4a?B* + 12aB%)]

Applying Equation (17) in Equation (13) we get the variance of the statistic Tzwhich is
given by
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2
Var(Tﬁ(Gl, 62)) = % [80(2 B4 + 120(64 (18)

+ (91 + 9, — 2)(4a®p* + 12apH)]

3. PROPERTIES OF THE ENERGY-LIKE STATISTIC WITH P-
DIMENSIONAL CASE (p > 1)
3.1-Let U and ¥ in RP, p > 1 be two independent random variables such that

U~Exp(A)and T~Exp(A),and suppose &; and S,be independent random samples of U
and 3, respectively, which are give by S =
{(0, gy, o, ), (Wapy g, o, Ug), wee, (Wag, Uagys o, W, ) } and S, =
(T, T2 Fp1) (T12 Tozs o Tpa), o (T, T29,0 - Tpp, ) }-For  the  high-
dimensional case, the expected value and the variance of the Jg statistic under squared
Euclidean distance measure are defined by:

19 92
oyl
B0 8) =B (P o) T 2 (O Ty) + D Tyy) + -
i=1j=1

+D(Uy, 1, Ty,;))

1 /91 92
O (3 St

+ D(Uy, %zf))

Since DU, T) = (U — T)?, then we get

1 /91 92
+ 2
E(T3(61,S,)) = (2)%)12;?2) Z Z E ((uu - z1;;)2 + (uu - zz;f')z + o

i=1j=1

(19)
+ Uy, — %27‘)2)
Since EQL — )% = 212, then we get
P, +9,\2

(Y12 2 2 20
E(74(61,&,)) = ( 9.9, ) 2p919,A (20)

The variance of the statistic 75 (S;, S,) is calculated as follows:
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1 91 D2
2
Var(7x(6,, S,)) = Var ( ZZ(@(uw T,,) + DUy T,,) +-
i=1j=
+ :D(u?h’b’ z@zi))
2) 9 ‘2)1 PP

+ DUy, Ty,4))

Since DU, T) = (U — T)?, then we get

91 D2
Var(Tﬁ(el'GZ)) = @12)2 (uu 53:1;) + (u24, zz;) +-
9, +9, o4

(21)
+ Uy, — %24)2]

Applying Equation (9) in Equation (21) we get the variance of the statistic T which is
given by

p(2:9,)?

Var(73(6;,6S;)) = 9. +9,

[200* + 16(9;, + D, — 2)A*] (22)

3.2-Let U and ¥ in RP, p > 1 be two independent random variables such that
U~Be(a, B)and T~Be(a, B). Assume that S; and S,are independent random samples of U
and T, respectively, given by S, =

{(0, gy, o, U0), (Wap, Uy, o, U)o, (Wi, Uagy, o, Uy, ) Jand S, =

(T, T2 Fp1) (T2 Tazs o Tp2)s o (T, T29,0 - » Tpy, )} For  the  high-
dimensional situation, the expected value and the variance of the T statistic under squared
Euclidean distance measure are determined by:
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191 92

+ 2
E(74(G,,S,)) = E (@51;32) ZZ@(HM’%’) + (M0 Tyy) +

i=14=1

+ D(Up, & Ty, 1))

1 /91 D
B (2{5:_2)?2) 2 z z E (@(Hu, zlf’) + 50(11% 32;‘) + -

i=1j=1

+ DUy, z2)27‘))

Since DU, T) = (U — T)?, then we get

1 /9 92

BR(E ) = (g ) (2 2 (= 3+ (= )" +-

i=1 7=1

(23)

2
+ (Uy,i — Ty,;) )

Since EQI — ¥)? = 2af?, then we get

1
D1 +9;\ 2 24
9.9, ) 2p2,9,ap? (24)

B(Ta(81,8.)) =

The variance of the statistic 75 (S;, S,) is calculated as follows:

Var(7x(S,,S,)) = Var % +2)2 K (:o Uy, Ty) + DUy, Ty,) + -
7 7

+ :D(u‘lh’b’ (’I‘Dzi))

‘Dl pp

Z(@(uw ;) + D0 T) +-
4L

‘Dﬁyz
2)1 + 2)2

+ D(Up, s Ty, 1))

Since DU, T) = (U — I)?, then we get

10
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9 9, (25)
Var(T(@1,&,)) = (%) Var| 3" [( = Ty)" + (U = Tpy)” +
i=1j=1

2
+ Uy, — Ty,,) ]

Applying Equation (18) in Equation (25) we get the variance of the statistic 7z which is
given by

2
Var(T4(6,,S,)) = %[80@84 + 12ap*
1 2

+ (91 + 9, — 2)(4a®B* + 12af")]

(26)

4. CONCLUSION

This work describes the properties of an energy-like statistic based on distance in both one-
dimensional and p-dimensional cases. The statistical test might be utilized as a two-
sample test to find homogeneity between the distributions of two groups based on typical
linear data.
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