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Abstract. In this manuscript, a novel conjugate coefficient is derived
through the utilization of equality conjugate gradient direction in
conjunction with a modified quasi-Newton (QN) direction. The
demonstrated results establish that this innovative approach ensures both
sufficient descent and global convergence, meeting the criteria of the Wolf
line search condition and inexact line search. Through numerical
experiments, we employ the proposed method on a diverse set of established
test functions, clearly demonstrating its enhanced efficiency. A comparative
analysis is conducted against the FR CG method using the Dolan-More
performance profile based on the number of function evaluations (NOF),
number of iterations (NOI), and CPU time.

1 Introduction

The Conjugate Gradient (CG) method stands out as a crucial technique for addressing
unconstrained optimization problems.
Enable us to consider the objective problem:
minimize f(x) (1
Let x be a real-valued variable and f: R™ — R. The CG method produces { xk} as
follows:
Xk+1 = Xk + akdk” (2)
The step length, represented as &, , can be determined using a line search procedure.

The direction, denoted as d, , can be defined as follows:
— -9 for k=0
disr = { —gZ:1+Bkdk for k=1 @)
Where g, define in[ 1,2,3,4,5,6 ].
To facilitate the convergence analysis of the Conjugate Gradient (CG) method, the weak
Wolfe conditions are commonly utilized:
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T
S +ad)— f(x,) <, Vi(x,) d, @
Vf(x, +a,d,) d, >0Vf(x,) d; ®)
Utilizing the strong Wolfe conditions involves incorporating condition (5) and
‘g('xk +akdk)rdk|<_0 gkd ©)

Where 0 < 8 < o < 1, [7]. ¢
Ibrahim and Mamat in their work [8] derived a direction, defined as
diy1 = —Hygp19k41 + Ak, 0 <A <1 )

Where Hy,,, is symmetric positive definite matrix.

2 The modified conjugate coefficient.

In this manuscript, we will establish a novel conjugate coefficient as follows:
by equality eq. (3) and (7), we get

—Jk+1 + BrSk = —Hiy19k+1 + AkeSk ®)
We using formula of H,, ; defined by [9]
T T T
H — I _ SkYk tYkSk + (1 + ”yk”) SkSk
e STy lskll/ STk @
Substituting eq. (9) in eq. (8) we get:
Sk Jk+1 Yk Iyl s gk
_ + Bis, = — + 2k + 2k +1s—(1+—)Ms + A.s
Ik+1 T BrSk Ik+1 Tyx Yk Tyk k Isell) ~sTyx k kSk  (10)

Multiplying both side of eq. (10) by yk, we obtain
Shges |y, | 4 Zegles o 3, (14

Sk kYk sky

_gl€+1 Yk t+ ﬁfZSZ Yk = _91€+1 Vi t

||yk||) Sk Gk+1 T T
— | —/——S§ +/1 S
sill) ~sfyie ok Yk T e Sk Vi

After some algebra operation, we obtain

1 T T
9k+1J’k+||J/k||Skgk+1< ||5k||> SkIk+1+t Sk Vi

~ B = (an

SkYk
If we use ELS and A = 0, 8 return to ,B,Ij /S the new direction is defined as:

1 T AusT
gk+1yk+llykllskgk+1 ”5 M —SkIk+1+tAkSK VK
new _ k

k+1 — —Gk+1 T skm Sk (12)

2.1 The new algorithm 2.1:

Stepl: given xo € R™, Set k= 0.

Step2: let dyg = —go

Step3: Determine the positive step length, denoted as ay, that satisfies equations (5) and
(8), and then set:

Xpy1 = X + apdy .

Step4: if || gx|l < 107>, then stop

Step5: Otherwise, compute the new direction using (12)

|917;9k+1|

Step6: If k= n or Powell restart >
lgk+ll

> 0.2 [10], then proceed to step 2; otherwise,
set k=k+1 and go to step 3.

2
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2.2 Theorem 2.2:

“Let the sequence x;,, and dj,, in equation (12) compute a;, which satisfied strong
wolf condition
then sufficient descent condition hold satisfied df,; g1 < —(1 — )|l gr+1ll? -

2.2.1 Proof:
After multiplying both side of eq. (12) by ﬁ ,we get:
k+1
T T 1 1 T T
ie+1YE+VElls 9k+1<___>_5 Ir+1+ Sk Yk
di419k+1 — o , sty Isill) % § Sk Gk+1
Igk+1? Sk Igk+1112

Since s gir1 < Sg Vi and Gir1Vie < NGusallllyll swe get
< g+ 11y |l S;fJ’k + vk ||51€3’k< 1 ) S;f)’k e l 517;3’1(5}7;3%

Sk Yk | gr+111? sV \Sevi) NGr+ill?  siyillsi I 1gr+all?
S;J’k SIIYk Aksgyk
T 2 + 2
Sk Ve \l G+l | g+l
Iyl Iy |l i sk i Sk Yk xSk Vi
= + 2 2 >t 2
lgk+1ll ~ Ngr+all ISy 7|J||gk+1” | gres1l | g+l
As
< |yl n ||3’k||2+ kIcYk2:6 0<s<1
lgx+all N gr+all | g+ ll
f i1 Grer < —(1 = 8 giall? a3

3 Assumption

“The set S, defined as S = {x: f(x) < f(x,)}, is bounded, indicating the existence of a
positive scalar b > 0 such that ||x|| < b,Vx € s.

Within a neighborhood N of S, the function f exhibits continuous differentiability, and
its gradient adheres to the Lipschitz condition, as expressed by

lg(x) — gl < Lllx —yll, Vx,y €N (14)
Given these assumptions on f, we can deduce the existence of a positive constant y > 0
such that:
y<IVfll <y as)

Furthermore, the inequality
(90 —g)x—y) = allx = yll*>,vx,y €S,u>0 (1)
holds, where /i is a positive constant. [11]

3.1 Lemma 3.1:

“Assuming the fulfillment of assumption (3.1) and considering any conjugate gradient
method, where d,; is a descent direction and «;, satisfies conditions (5) and (6), if:"
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1
= (16)
il
Then
Lim (ianng) =0[12] an
k—o0

3.2 Theorem 3.2:

“If we assume that assumption (3.1) is fulfilled and the direction dj,; defined by equation
(12) qualifies as a descent direction, with a; being computed using equations (7) and (9),
then:

Lim (inf]g, [) = 0
k—o w

3.2.1 Proof

By considering the absolute value of 3, we obtain:

1 1
i1V + yillsi G (ST— - m) — Sk Gk+1 T A4Sk Yk
il = SC
Sk Yk
. glt+13’k ||Yk||51€gk+1 ||Yk||5£gk+1 Slzgk+1
|:Bk| < T T 2 T T + |Ak|
Sk Yk (Sk Vi) S Viellsell Sk Yk
from Wolfe condition, and g%, vx < llgk+1 vl we have
(| < | Gses1 el il Slfgkﬂ ||3’k||5159k+1 Sl’ggk+1
|.3k| =T _ T T _ T 2 T _ T T —r
SkIk+1 — Sk 9k (SkGk+1 — Sk 9k) (i1 — Sk g siell (S Gre+1 — S gr)
+ A
From eq. (6) and eq. (7) and since s, = —gj
Bil < lgrra Tyl lyillollgell® Iyellollgell®
T —ollgill? + llgill? (—gllgkll2 +lgill®)? - (=allgell® + llgel®) lIskll
ollgll
+ 1
—ollgell? + llgell? = 7"
5 < lGrer 1yl yillollgell® lyillollgell® allgill? L
e (IT - 0)”||||gk||||2 ((1- lflf)llilgkllz)2 ((1”— Tl)llgkllz)llskll (1 —o)llgell> " "
o o
Gre+1111 Yk Yk N Yk =1

1Bl <
Pi A =Dllgell> A =0)llgell? A =llsell (1 —0)
By taking norm value of eq. (12), we get

i+l < Ngre+all + T lIsill =D

1 1
IE R S
k21 lldsall — XD

k>1
~ lim || ggeqq |l = 0
k—oo

4 Numerical result and comparisons

“In this section, we present the numerical results of both the new method and the FR CG
method using test problems from [13], with the step length determined by the Wolf condition
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(5), and considering ||g,|| < 107 as the stopping criterion. Both methods are implemented
with cubic lines. The Dolan-More tool [14] is employed to showcase the performance of the
techniques.

Figures 1,2 in this study illustrate the performance of our technique through the Dolan-
More graph, focusing on the number of function evaluations (NOF), particularly for problem
dimensions around (1000, 10000). In Figures 3, 4 , a similar pattern is observed, emphasizing
the performance of our method in comparison to the baseline methods, with a focus on the
number of iterations (NOI) for problem dimensions around (1000, 10000).

Figure 5,6 depicts the graphical representation for our new method, based on CPU time.
Therefore, from the previous three figures, we can deduce that the new method is well-suited
for addressing multi-dimensional issues within the dimensions of (1000, 10000). “
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Fig.1. Performance profiles of NOF with (n=1000)
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Fig. 2. Performance profiles of NOF with (n=10000)
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Fig. 3. Performance profiles of NOI with (n=1000)
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Fig. 4. Performance profiles of NOI with (n=10000)
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Fig. 5. Performance profiles of CPU time with (n=1000)
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Fig. 6. Performance profiles of CPU time with (n=10000)

5 Conclusion

“Concerning the theoretical aspects of our novel algorithm, we have established both
sufficient descent and global convergence under specific assumptions. The numerical results
depicted in the aforementioned figures showcase the effectiveness of our algorithm through
a direct comparison with the standard HS CG method. “

References

1. M. R. Hestenes, and E. Stiefel, “Methods of conjugate gradients for solving linear
systems” J. Res. Natl. Bur. Stand. (1934)., vol. 49, no. 6, p. 409, 1952.

2. R. Fletcher, and C. M. Reeves, “Function minimization by conjugate gradients,” The
computer journal, vol. 7, no. 2, pp. 149-154, 1964.

3. H.I. Ahmed, E. T. Hamed, and H. T. Saeed . chilmeran, “ A Modified Bat Algorithm
with Conjugate Gradient Method for global Optimization,” International Journal of
Mathematicsan Mathematical Scinces, vol. 2020,2020

4. Basim A. Hassan M. Sadiq, (2022), A new formula on the conjugate gradient method
for removing impulse noise images, Bulletin of the south Ural State University. Ser.
Mathematical Modelling, Programming &Computer Software (Bulletin
SUSUMMCS), 2022, vol. 15, no. 4, pp. 123-130 .

5. H.I. Ahmed, R.Z. Al-Kawaz and A.Y. Al- Bayati, "Spectral three-term constrained
conjugate gradient algorithm for function minimizations," Hindawi J. Appl. Math., vol
2019,.https://doi.org/10.1155/2019/6378368, 2019.

6. E.T.Hamed, H.I. Ahmed, H. Y. Najm, "Global Convergence of Conjugate Gradient
Method inUnconstrained Optimization Problems, "International Conference of
Mathematical Sciences (ICMS 2018) AIP.



BIO Web of Conferences 97, 00143 (2024) https://doi.org/10.1051/bioconf/20249700143

ISCKU 2024

7. P.Wolfe, , " Convergence conditions for a scent methods II: some corrections". SIAM
Review, Vol.13, No. 2,1971, pp.185-188.

8. Ibrahim, M. A. H. Bin, Mamat, M. and June, L. W. (2014) " BCGF method: Anew
search direction", Sains Malayasiana, 43(10), pp. 1591-1597.

9. Najm, H. Y., & Ahmed, H. I. (2022, December). Improving Jellyfish Swarm
Algorithm for Solving Unconstrained Optimization Problems. In 2022 3rd Information
Technology To Enhance e-learning and Other Application (IT-ELA) (pp. 226-231).
IEEE.

10. Powell, M. J. D., (1976a), “Rstart Procedure For The conjugate Gradient Methods,
Mathematical programming”, 12, 241-254 .

11. H. Yabe, and M. Takano, “Global convergence properties of nonlinear conjugate
gradient methods with modified secant condition,” Computational optimization and
Applications, vol. 28, no.2, pp. 203-225, 2004.

12. Andrei, N. (2020) Nonlinear conjugate gradient methods for unconstrained
optimization, Springer Optimization and It’s a’pplications.

13. Andrei, N. (2008) ‘An Unconstrained Optimization Test Functions Collection’,
Advanced Modelling and Optimization, 10(1), pp. 147-161

14. E. D. Dolan, and J. J. Mor¢,” Benchmarking optimization software with performance

profiles,” Mathematical programming, vol. 91, no. 2, pp. 201-213, 2002



