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Abstract: One of the most challenging and widely debated issues in
scheduling theory is the topic of multi-objective job scheduling. The multi-
objective function problem including the makespan and the range of lateness
of three machines in a flow shop was explored in this study in order to solve
it. Some of the theories discussed in this work have to do with the
computation of the precise best time and range of lateness. Two types of the
three machines have been created, and the theories for each type have been
studied. These theories seek to cut down on the amount of time it takes to
complete tasks and the range of lateness.

1 Introduction

One way to look at the scheduling problem is as a decision-making problem. It includes a
combination of resources (machines), tasks (jobs), and objective criteria (objective criteria)
that need to be combined under certain restrictions to create a mathematical formula with
data. The assignment of machines, either one or many, to specific tasks over a period of time
in a variety of manufacturing sectors periods is done on an organized basis with the intention
of optimizing or minimizing (one or more) objective criteria.[1]

Machine Scheduling Problems (MSPs) are a part of the area of combinatorial
optimization problems and are characterized as a method of making decisions that may be
used often in a variety of service sectors and manufacturing. Its goal is to minimize one or
more objectives. MSP deals with the allocation of resources to act across certain time periods.
In a flow shop, n tasks must be completed on m machines in the same machine sequence.
This implies that for all n tasks, the sequence in which they are handled on various computers
is fixed and consistent. Each work might be processed on a different machine starting with
machine 1, then machine 2, and so on until machine 3 is used to complete the final job.[2,3].
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2 Related works

Cheng and colleagues [4] investigated the two-machine flow-shop issue with release timings,
where the goal is to decrease either the makespan or the maximum lateness. They construct
strong new dominance orders that are embedded into branch-and-bound algorithms and
provide a unified approach to many sequence interchange operators. In order to minimise
makespan and decrease total completion time, Allahverdi [5] resolved the three machine
flowshop scheduling issue by considering setup times independently of processing times,
rather than assuming that they are part of processing durations.

The two-machine flowshop scheduling problem with batching and release time was
researched by Tang and Liu [7]. The objective is to decrease the makespan. To resolve the
scheduling issue and provide a bottom limit for the issue, they developed a mixed integer
programming paradigm. Alternative procedures are possible to reduce the mean flow time
and makespan of tasks, respectively, in a two-machine flow-shop scheduling problem studied
by Lo and colleagues [8]. The aim function of the two-machine flow shop scheduling issue
that Moslehi and colleagues [9] looked at is to minimize the total of the maximum earliness
and tardiness. Some relevant lemmas were presented to build a branch-and-bound method.
Pour and colleagues [10] offered a multi-objective approach to the flowshop problem, using
the planner-specified weights as the objectives for makespan, total waiting time, and total
tardiness.

Lin [11] took on the problem of making the most efficient use of processing times by
minimising the makespan for a two-stage, three-machine assembly flow shop scheduling. an
iterative greedy (IG) algorithm with four local search techniques and a cloud theory based
CSA algorithm are included, along with a branch-and-bound approach, an LB, and several
dominance qualities. A two-machine flowshop scheduling model was studied by Yang and
Kuo [12]. In this model, the processing times of tasks are directly related to the durations that
jobs must wait on the first machine before they can be processed on the second.

3 Important notations

n: Number of jobs.

p;j: Processing time of job i on machine j.

d;: Due date of jobs i.

s;: Slack time of job i s.t. 5; = d; — p;;, where J is the last machine.
C;j: Completion time of job i on machine j.

L;: Lateness of job i, L; = C;; — d;, where j is the last machine.

R;: Range of lateness, R; = Lax — Limin-

4 Machine scheduling problem

A few simple definitions will do for this study.

Definition (4.1) [13]: Suppose we have set of all schedules S for a scheduling problem
FP,aschedules € S issaid is called feasible if it satisfies all the constraints of the problem
FP.

Definition (4.2) [15] (Shortest Processing Time (SPT) rule): The order in which jobs
are sequenced is determined by the processing time (p i), which is expressed as
(p_1<p 2<---<p n). The issue 1||>.C i was solved using this rule.

Definition (4.3) [14] (Earliest Due Date(EDD) rule): In order to minimise the issue
1||Tmax, jobs are sequenced in a non-decreasing order of due date (d_1).
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Definition (4.4) [15] (Minimum Slack Time (MST) rule): It is well-known that the
issue 1]|[Emax may be solved using the rule of non-decreasing slack times (s i), where
s i=d_i-p 1. This order is used to sequence jobs.

Definition (4.5) [15]: A solution where "optimise" is used in a problem involving
multiple criteria for making a decision means that there is no way to improve one objective
without making the other objective worse.

Definition (4.6) [13] (Efficient Solution (ES)): If no alternative schedule s' satisfies
with at least one of the aforementioned conditions holding as a strict inequality fj(s") <
fj(s), j =1, ..., K, then schedule s is considered efficient. Alternatively, s'is said to dominate
s. Assume that o is a schedule and that S is a collection of efficient schedules. If all efficient
solutions of S do not dominate 6, we use the symbol ,,S.

5 Problem formulation

For a sequence of jobs s € S where S is the set of all feasible solutions, the criteria (f;) and
(f2) are computed in the following as:
Let Cmax = Cn3 and RL = Lmax (S) - Lmin (S), Lmax = mgﬁfl{l'l} and Lmin = fgiii{Li}

where L; = C;3—d;, i=1,..,n.
Our problem FP can formally by stated for any schedule s € S as:

. (f1(8) = Cax .. (P1) )
Mm{
f2(s) =R, - (P2)
S.t.
L
Ciy = Zpkl e (1) =1, 00,1,
.  (FP
Clz = pll +p12,........................(2) ( )
Ci, = max {Ci1'Ci—1,z} + Digy e e (3) i=1,..,n,
Cl3 = P11 + P12 + D13)  cer vee vee ven s wans (4‘)
Ci3 = max {Cl-z, Ci_1,3} + Dizy eer ven e (5) i=1,..,n,
Li = Ci3 - di' fen res nes ees (6) i = 1, ey, N

The issue being handled does not let the machine to be idle. We examine a multi-criteria
issue where all performance indicators are minimised simultaneously. The hardness level of
the flowshop problem F3l | (Cmax,R_L)is NP.

Some theorems and their corollaries are given for our issue, and two specific types of
flow shops—Proportional Flow Shop (PFS) Type 1 and Type 2—are defined.

Assuming p _iA=p il+p i2 and p_iB=p_ i2+p i3, within Type 1 POS, the processing
time of any job on machine A is either less than or equal to the processing time of every job
on machine B. Consider Type 1 PFS and its associated lemmas and corollaries.

Lemma (5.1): In Type 1 PFS, where the objective is to minimize Cy,q,, the SPTy-
sequence gives O0S for the objective C,,4, and the minimum value of the objective function
Cinax 18:

P1a = P11 +np12’

Cax = P1a + Z Dis-
i=1

Proof: It is clear. u

Corollary (5.2): In Type 1 PFS, if a job j has a minimum processing time on machine
A, then must be scheduled first and any sequence with remaining jobs gives OS for the
objective function Cpy, -

https://doi.org/10.1051/bioconf/20249700146
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Proof: It is clear from Lemma 5.1. [ ]

Lemma (5.3): In Type 1 PFS, where the objective is to minimize R;, for the two adjacent
jobs i and j, if d; < d; and d; — p;p < d; — pjp, then job i precedes job j in the optimal
schedule.

Proof: Let p;y = p;; + iz and p;p = b2 + Pi3, consider a schedule s; = s'ijs"’ and a
schedule s, = s’jis" which is obtained by interchanging the jobs i and j in s;, where s’ and
s are partial sequences of jobs and the two neighboring jobs i and j with d; < dj and d; —
Pip < dj —pjp. Lett =pis + Y71 prs the completion time for the last job of s'.

he proof of this lemma has to be shown that creating the sequence s_1 does not increase
or decrease the values of L max and L _min of the two jobs i and j, respectively, since the
replacement of jobs i and j does not affect the completion times and, by extension, the
lateness of other jobs. Based on the above relations, the following relations are proved:

(1) To prove Lyyqx(51) < Lymayx(sz) using the condition d; < d;, let L is the maximum
lateness for (n — 2) jobs of s’ and s”'.

For the schedule s;, we have:

Lmax (Sl) = max{L' Li(sl)’ Lj (51)}

= max{L, P1ia t Z;c_zll Pk3 + Piz —di,P1a + Z;c_:ll Pr3 + Piz t+ Pjz — dj}

Now, consider the schedule s,, we have:

Lmax (52) = max{L, L'(Sz): Li(sz)}

= max{L, Pia + 2;{—:11 Pks + Pjs — dj,D1a + Z;c_:ll Pr3 t Pj3 + Piz — di}

Compare L;(s,) with L;(s;) and L;(s;) where d; < d;

It is clear that L;(s,) > L;(s;) since pj > 0

Also, it is clear that L;(s,) = L;(s;) since d; < d;

Hence L;(s,) = max{Li(sl),L-(sl)}

That implies Ly,qx(S1) < Limax(S2).

(2) To prove Lpin(51) = Lyin(sy) with condition d; — p;p < dj — pjp, let L is the
minimum lateness for (n — 2) jobs of s’ and s”'.

For the schedule s;, we have:

Linin(s1) = min{L; Li(Sl),L'(Sl)}

= min{L, Pia + Xiz1Prs + Piz — disPra + Timi Pis + Pis + Pjz — dj}

Now, consider the schedule s,, we have:

Linin(s2) = min{L, L;(s5), Li(s,)}

= min{L, P1ia + Z{C;i Pks + Pjz — dj,D1a + Z;c_:ll Pk3 T Pjz + Diz — di}

Compare L;(s,) with L;(s;) and L;(s;) where d; — p;p < d;j — pjp

It is clear that L;(s,) < L;j(s;) since p;p > 0

Also, it is clear that L;(s,) < L;(s1) since d; — p;p < dj — pjp

Hence L;(s;) < min{L]-(sl),Li(sl)}

That implies Lyin (S1) = Liyin (S2).

From (1) and (2) we have:

Lmax(sl) - Lmin(sl) =< Lmax(sz) - Lmin(sz)

Then R, (s1) < R.(s3).

Therefore the sequence s; is better than the sequence s, and job i precedes job j. [ ]

Corollary (5.4): In Type 1 PFS, if a job i with the minimum due date has the minimum
slack time on machine B (d; — p;g), then the sequence with order EDD and MST minimizes
the objective function R; .

Proof: Directly from Lemma 5.2. [
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Example (5.5): If we have four jobs with the processing times p;; = (4,3,3,2), pi, =
(3,4,5,1) and p;3 = (7,8,6,12) and the due date d; = (25, 24, 26,27), the schedule s =
(1,2,3,4) satisfy the conditions in Lemma 5.2 and Corollary 5.2. The schedule s =
(1,2,3,4) with R, = 22 is the smallest value in all FSs of S.

In Type 2 PFS, assume that p;, = p;; + pi2 and p;g = p;» + Di3, the processing time of
any job on machine A is greator than or equal those of every jobs on machine B. The
following lemmas and corollaries are presented for Type 2 PFS.

Lemma (5.6): In Type 2 PFS, where the objective is to minimize C,,,,, the LPTg-
sequence gives O0S for the objective C,,4, and the minimum value of the objective function
Cinax 18:

Pnp = Pn2 +npn3a

Cmax = Pnp T z Pi1-
i=1

Proof: It is clear. ]

Lemma(5.7): In Type 2 PFS, if a job j has a minimum processing time on machine B,
then must be scheduled last and any sequence with remaining jobs give OSs for the
objective function Cyyy gy

Proof: It is clear from Lemma 5.6. ]

Theorem (5.8) [16]: There is an efficient sequence in the multi-criteria problem P1 that
satisfies Johnsons-rule with condition either min(p;;) = max (p;,) or min(p;3) =
max (piz).

Corollary (5.9): In the OS for the objective C,,,y, if jobs i € s" € s € S satisfy the
Johnsons-rule condition with min(p;3) = max (p;,), then the subsequence s’ sequencing by
the SPT4-sequence.

Proof: It is clear from Theorem 5.8. ]

Corollary (5.10): In the OS for the objective C,, ., if jobs i € s" € s € S satisfy the
Johnsons-rule condition with min(p;;) = max (p;,), then the subsequence s’ sequencing by
the LPTg-sequence.

Proof: It is clear from Theorem 5.1. [

Theorem (5.11): If d; = d, then the Johnsons rule is ES for F3|d; = d|(Crmax » RL)
problem P1 with (Cmgx,RL) = (Cmax Johnsons), Cp5 — Cy3).

6 Conclusion

The machine scheduling problem for multi-criteria objective function is one of the most
difficult problems that have been discussed by many of researchers. In this paper, some
theories are studied to solve the problem of multi-criteria objective functions consisting of
makespan and the range of lateness of three machines in two types of proportional flow shop
F3||(Cpnaxs RL), which is NP- hard. Some of these theories gave efficient solutions to our
problem, and others gave us solutions to dominate some jobs over others.
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