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Abstract. Let Ɍ be a commutative ring with identity and � be a unitary left 
Ɍ-module. The concept of Strongly Nearly-2-Absorabing sub-modules as a 
generalization of Endo-2-Absorabing sub-modules and strong form of 
Nearly-2-Absorabing sub-modules are introduced in this paper. Many 
examples, basic properties of this concept are introduced. Furthermore we 
prove that in class of (scalar, cyclic and finitely-generated) modules the two 
concepts Nearly-2-Absorabing sub-modules and Strongly Nearly-2-
Absorabing sub-modules are equivalent. Moreover we prove that Endo-2-
Absorabing and Strongly Nearly-2-Absorabing sub-modules are equivalent 
in class of (semi simple, regular) modules. Also those concepts are 
equivalent in class of all modules over a v-ring. Finally we prove several 
characterizations of Strongly Nearly-2-Absorabing sub-modules in some 
types of modules such as (projective, faithful and content) modules in class 
of cyclic modules. 

1 Introduction 
Throw out this paper all rings are commutative with identity, and all modules are unitary left 
Ɍ-modules. Endo-2-Absorabing sub-modules are the famous concept to start with, and were 
first introduced by Harfash in (2015) as a strong of 2-Absorabing sub-modules. In this paper 
we introduce new generalizations of Endo-2-Absorabing sub-modules which we called 
Strongly Nearly-2-Absorabing sub-modules. These papers consist of three parts. In part one 
introduce several well-known definitions and propositions that we needed throw this paper. 
In part two we give some basic proposition, examples of Strongly Nearly-2-Absorabing sub-
modules, and prove that every Endo-2-Absorabing is Strongly Nearly-2-Absorabing sub-
modules, but not conversely. Also prove that every Strongly Nearly-2-Absorabing is Nearly-
2-Absorabing sub-modules, but not conversely. Many basic properties and propositions of 
Strongly Nearly-2-Absorabing sub-modules are introduce in this part. In part three dell with 
introduced several characterizations of Strongly Nearly-2-Absorabing sub-modules in some 
kinds of modules. 
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2 Basic Concept 

2.1 Definition (2.1)[1] 

A proper sub-module � of an Ɍ-module � is called Endo-2-Absorabing sub-module if 
whenever (���)(�) � �, for �, � � ���(�), � � �, then either �(�) � � or �(�) � � or 
(���)(�) � �. 

2.2 Definition (2.2)[2] 

The Jacobson radical  ℐ(�) of an Ɍ-module � is defined as intersection of all maximal sub-
modules of�. 

2.3 Definition (2.3)[3] 

"A proper sub-module � of an Ɍ-module � is called Naely-2-Absorabing, if whenever ��� �
�, for �, � � Ɍ, � � �, implies that either �� � � + ℐ(�) or �� � � + ℐ(�) or ��� � � +
ℐ(�). And an ideal � of a ring Ɍ is called Naely-2-Absorabing ideal of Ɍ if  � is an Naely-2-
Absorabing sub-module of an Ɍ-module Ɍ". 

2.4 Definition (2.4)[4] 

A proper sub-module � of an Ɍ-module � is called 2-Absorabing, if whenever ��� � �, for 
�, � � Ɍ, � � �, implies that either �� � � or �� � � or ��� � �.  

2.5 Definition (2.5)[5] 

An Ɍ-module � is called semi simple if every sub-module of � is a direct summand of�. 
Equivalently � is semi simple if and only if ℐ(�) = 0.  

2.6 Proposition (2.6)[2, Exercise (12)] 

If � is a sub-module of an Ɍ-module�, with � is a direct summand of �, then ℐ ���� = ℐ(�)��
� . 

2.7 Definition (2.7)[6] 

An Ɍ-module � is called regular if Ɍ
���(�) is regular�� � �. 

2.8 Proposition (2.8)[6, proposition (3.9)] 

Let � be a regular R.-module then ℐ(�) = 0. 

2.9 Definition (2.9)[7] 

A ring Ɍ is v-ring if for any Ɍ-module �, then ℐ(�) = 0. 



3

BIO Web of Conferences 97, 00158 (2024)	 https://doi.org/10.1051/bioconf/20249700158
ISCKU 2024

2.10 Proposition (2.10)[2, proposition (9.1.4)(b)] 

If � is a sub-module of an Ɍ-module �, with ℐ ���� = 0, then ℐ(�) � �. 

2.11 Definition (2.11)[8] 

An Ɍ − module � is said to be scalar module if for each � � ���(�), there exists � �
Ɍ such that �(�) = �� for each � � �. 

2.12 Proposition (2.12)[8, proposition (1.1.7)] 

Every cyclic Ɍ −module � is scalar module. 

2.13 Proposition (2.13)[8, corollary (1.1.11)] 

If � is a finitely − generated Ɍ-module, then � is scalar module. 

2.14 Definition (2.14)[2] 

An Ɍ-epimorphism �: �        �� �� is called small epimorphism if ker(�) is small sub-module 
of�. 

2.15 Definition (2.15)[9] 

An Ɍ-module � is fully stable if each sub-module of � is stable. 

2.16 Remark (2.16)[9, p.7] 

Every stable sub-module is fully invariant. 

2.17 Definition (2.17)[2] 

An Ɍ-module � is called A-projective if for each homomorphism �: �        �� �, where � is Ɍ-
module and each Ɍ-epimorphism �: �        �� � there exists an Ɍ-homomrphism ℎ: �        �� � such 
that ��ℎ = �. 

2.18 Definition (2.18)[2] 

An Ɍ-module � is called M-injective if for each Ɍ-homomorphism �: �        �� �, and each Ɍ-
homorphism �: �        �� �, where � is Ɍ-module there exists an Ɍ-homomrphism ℎ:�        �� � 
such that ℎ�� = �. 

2.19 Definition (2.19)[10] 

"An Ɍ-module � is multiplication if every sub-module � of � is of the form � = �� for some 
ideal � of Ɍ. Equivalently � is multiplication if � = [�:Ɍ �]�". 
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2.20 Definition (2.20)[11] 

"For any sub-module � and � of a multiplication Ɍ-module � with � = ��, � = ℐ�, for some 
ideals � and ℐ of Ɍ. The product �� = ��. ℐ� = �ℐ�, that is �� = ��, in particular �� =
��� = �� = �". 

2.21 Definition (2.21)[10] 

If � is cyclic Ɍ-module, then � is a multiplication. 

2.22 Proposition (2.22)[2, Theorem (9.2.1)(9)] 

For any projective Ɍ-module �, then ℐ(�) = ℐ(Ɍ)�. 

2.23 Definition (2.23)[2] 

An Ɍ-module � is faithful if ���(�) = {� � Ɍ: �� = (0)} = (0). 

2.24 Proposition (2.24)[12, Remark p.14] 

Let � be faithful multiplication Ɍ-module, then ℐ(�) = ℐ(Ɍ)�. 

2.25 Definition (2.25)[13] 

"An Ɍ-module � is said content if (⋂ ����� )� = ⋂ ����� �, for some family of ideals �� in 
Ɍ". 

2.26 Proposition (2.26)[12, proposition (1.11)] 

If � is content module then ℐ(�) = ℐ(Ɍ)�. 

2.27 Proposition (2.27)[14, corollary of Theorem(9)] 

"Let � be a finitely-generated multiplication Ɍ-module, �� and �� are ideals in Ɍ. Then ��� �
��� if and only if �� � �� + ���Ɍ(�)". 

3 Strongly nearly-2-absorabing sub-modules 
In this part of the paper we introduce the definition of Strongly Nearly-2-Absorabing sub-
module and give some basic properties, examples of this concept. 

3.1 Definition (3.1) 

A proper sub-module � of an Ɍ-module � is called Strongly Nearly-2-Absorabing ( for short 
STN-2-Absorabing ) sub-module of �, if  whenever (� � �)(�) � �, for �, � � ���(�) and 
� � �, implies that either �(�) � � + ℐ(�) or �(�) � � + ℐ(�) or (� � �)(�) � � + ℐ(�). 
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3.2 Proposition (3.2) 

Every Endo-2-Absorabing sub-module � of an Ɍ-module � is STN-2-Absorabing sub-
module. 

3.2.1 Proof 

Let � be Endo-2-Absorabing sub-module of an Ɍ-module � and let (� � �)(�) ∈ �, for �, � ∈
���(�) and � ∈ �, then �(�) ∈ � � � + ℐ(�) or �(�) ∈ � � � + ℐ(�) or �(�) ∈ � � � +
ℐ(�) (� � �)(�) ∈  � � � + ℐ(�). Thus � is STN-2-Absorabing sub-module of �. 

The convers of proposition(3.2) is not true in general, the following example explain that. 

3.3 Example (3.3) 

Consider the � �module �� and sub-module � = 〈0�〉, � is STN-2-Absorabing sub-module, 
because ℐ(��) = 〈2�〉 but � is not Endo-2-Absorabing. Since �, �: �� � �� defined by �(�) =
2�, �(�) = 2� for all � ∈ ��, so that (� � �)(2) ∈ 〈0�〉. But �(2) ∉ 〈0�〉 and �(2) ∉ 〈0�〉 and 
(� � �)(��) = {0�, 4�} ⊈ 〈0�〉. 

The convers of proposition(3.2) satisfied in the following propositions under certain 
conditions. 

3.4 Proposition (3.4) 

Let � be a semi simple Ɍ-module and � be a proper sub-module of �. Then � is Endo-2-
Absorabing sub-module of � if and only if � is STN-2-Absorabing sub-module of �. 

3.4.1 Proof 

⇒) Directly through the proposition(3.2). 
⇐) Assume (� � �)(�) ∈ �, where � ∈ � and �, � ∈ ���(�). Since � is STN-2-

Absorabing sub-module of �, then either �(�) ∈ � + ℐ(�) or �(�) ∈ � + ℐ(�) or 
(���)(�) � � + ℐ(�). Since � is a semi simple, then ℐ(�) = 0. Therefore �(�) ∈ � or 
�(�) ∈ � or (���)(�) � �. Hence � is Endo-2-Absorabing sub-module of �. 

3.5 Proposition (3.5) 

Let � be a regular Ɍ-module and � be a proper sub-module of�. Then � is Endo-2-
Absorabing sub-module of � if and only if � is STN-2-Absorabing sub-module of �. 

3.5.1 Proof 

⇒) Directly through the proposition(3.2). 
⇐) Assume (� � �)(�) ∈ �, where � ∈ � and �, � ∈ ���(�). Since � is STN-2-

Absorabing sub-module of �, then either �(�) ∈ � + ℐ(�) or �(�) ∈ � + ℐ(�) or 
(���)(�) � � + ℐ(�). But � is regular, then by proposition(2.8) ℐ(�) = 0. Hence � is 
Endo-2-Absorabing sub-module of �. 



6

BIO Web of Conferences 97, 00158 (2024)	 https://doi.org/10.1051/bioconf/20249700158
ISCKU 2024

3.6 Proposition (3.6) 

Let � be an Ɍ-module over a v-ring Ɍ, and � be a proper sub-module of�. Then � is Endo-
2-Absorabing sub-module of � if and only if � is STN-2-Absorabing sub-module of �. 

3.6.1 Proof 

⇒) Directly through the proposition(3.2). 
⇐) Since � is an Ɍ-module over v-ring Ɍ, then ℐ(�) = 0. That is the proof is direct.  

3.7 Proposition (3.7) 

Let � be an Ɍ-module, and � be a proper sub-module of � with ℐ(�) � �. Then � is Endo-
2-Absorabing sub-module of � if and only if � is STN-2-Absorabing sub-module of �. 

3.7.1 Proof 

⇒) Directly through the proposition (3.2). 
⇐) Let (� � �)(�) � �, for � � � and �, � � ���(�). Since � is STN-2-Absorabing sub-

module of �, then either �(�) � � + ℐ(�) or �(�) � � + ℐ(�) or (���)(�) � � + ℐ(�). 
Since ℐ(�) � �, then ℐ(�) + � = �. Hence the proof is followed. 

The following corollary as a direct application of proposition(3.7). 

3.8 Corollary (3.8) 

Let � be an Ɍ-module, and � be a proper sub-module of � with ℐ ���� = 0. Then � is Endo-
2-Absorabing sub-module of � if and only if � is STN-2-Absorabing sub-module of �. 

The following propositions explain the relationships of STN-2-Absorabing sub-modules 
with Nearly-2-Absorabing sub-modules. 

3.9 Proposition (3.9) 

Every STN-2-Absorabing sub-module � of an Ɍ-module � is Nearly-2-Absorabing sub-
module. 

3.9.1 Proof 

Let � be STN-2-Absorabing sub-module of an Ɍ-module � and let ��� � �, for �, � � Ɍ and 
� � �. Let �, � � ���(�) defined by �(�) = ��, �(�) = ��. Thus (� � �)(�) � �. Since � 
is STN-2-Absorabing sub-module of �, then either �(�) � � + ℐ(�) or  �(�) � � + ℐ(�) or 
(� � �)(�) � � + ℐ(�). Thus either  �� � � + ℐ(�) or  �� � � + ℐ(�) or ��(�) � � +
ℐ(�). � is Nearly-2-Absorabing sub-module of �. 

The convers of proposition(3.9) is not true in general as the following example explain 
that. 

3.10 Example (3.10) 

Let � = �⨁�, Ɍ = � and the sub-module � = 0⨁7�, it is clear that � is Nearly-2-
Absorabing sub-module of �. But � is not STN-2-Absorabing sub-module to show that. 
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Let �: � � � define by �(�, �) = (�, �), �: � � � define by �(�, �) = (�, 0),  for �, � ∈
�, consider (� � �)(1,7) = ���(1,7)� = �(7,0) = (0,7) ∈ �, but �(1,7) = (1,7) � � +
ℐ(�) and �(1,7) = (0,7) � � + ℐ(�) and (� � �)(���) = ���(���)� = �(�, 0) =
(0, �) � � + ℐ(�). 

The convers of proposition(3.9) is hold in the following results under certain conditions. 

3.11 Proposition (3.11) 

Let � be a scalar Ɍ-module and � be a proper sub-module of �. Then � is a STN-2-
Absorabing sub-module of � if and only if � is a Nearly-2-Absorabing sub-module of �. 

3.11.1 Proof 

⇒) Directly through the proposition(3.9). 
⇐) Assume that (� � �)(�) ∈ ��, where � ∈ � and �, � ∈ ���(�). Since � is a scalar 

module, then there exists �, � ∈ Ɍ such that �(�) = �� and �(�) = �� for all � ∈ �. Now, 
we have (� � �)(�) = ��� ∈ �, but � is a Nearly-2-Absorabing sub-module of �, it follows 
that either �� ∈ � + ℐ(�) or �� ∈ � + ℐ(�) or ��� � � + ℐ(�). So that either �(�) ∈ � +
ℐ(�) or �(�) ∈ � + ℐ(�)  or (� � �)(�) � � + ℐ(�). Thus � is STN-2-Absorabing sub-
module of �. 

Since cyclic Ɍ-module is scalar, so by proposition(2.12) we obtain the next corollary. 

3.12 Corollary (3.12) 

Let � be a cyclic Ɍ-module and � be a proper sub-module of �. Then � is a STN-2-
Absorabing sub-module of � if and only if � is a Nearly-2-Absorabing sub-module of �. 

Since finitely-generated module is scalar, then by proposition(2.13) we obtain the next 
corollary. 

3.13 Corollary (3.13) 

Let � be a finitely-generated Ɍ-module and � be a proper sub-module of �. Then � is a STN-
2-Absorabing sub-module of � if and only if � is a Nearly-2-Absorabing sub-module of�. 

The following proposition shows that the inverse image of STN-2-Absorabing sub-
module is STN-2-Absorabing. 

3.14 Proposition (3.14) 

 Let ℎ: � � ��  be a small epimorphism, � be a fully invariant STN-2-Absorabing proper sub-
module of �� , with ℎ(��) � � and (� � �)(�̅) � � + ℐ(��). Then ℎ��(�) is a STN-2-
Absorabing sub-module of �. 

3.14.1 Proof  

Since � is a proper sub-module of  �� , then ℎ��(�) is a proper sub-module of �. Assume that 
(� � �)(�̅) ∈ ℎ��(�), for �,� ∈ ���(�), �̅ ∈ �� , implies that ℎ((� � �)(�̅)) ∈ �, it follows 
that (ℎ � �)(�(�̅)) ∈ �, but � is a STN-2-Absorabing sub-module of ��  and (� � �)(�̅) � � +
ℐ(��), then either ℎ��(�̅)� ∈ � + ℐ(��) or (ℎ � �)(�(��)) � � + ℐ(��). If ℎ��(�̅)� ∈ � +
ℐ(��), then �(�̅) ∈ ℎ��(� + ℐ(��)), that is �(�̅) ∈ ℎ��(�) + ℐ(�). If (ℎ � �)(�(��)) � � +
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ℐ(��), then ℎ(� ∘ �)(��) ⊆ � + ℐ(��), thus (� ∘ �)(��) ⊆ ℎ��(�) + ℐ(�).  Therefore ℎ��(�) 
is a STN-2-Absorabing sub-module of �. 

In the following proposition prove that the homomorphic image of STN-2-Absorabing 
sub-module is STN-2-Absorabing. 

3.15 Proposition (3.15) 

Let �  be a fully invariant STN-2-Absorabing sub-module of an Ɍ-module � and ℎ: � → ��  
be a small epimorphism, with ���(ℎ) ⊆ �. Then ℎ(�) is a STN-2-Absorabing sub-module 
of �� , where ��  is �- projective module. 

3.15.1 Proof  

Assume that (� ∘ �)(�̅) ∈ ℎ(�) where �, � ∈ ���(��),  �̅ ∈ �� . Since ℎ is a small 
epimorphism, then ℎ�ℐ(�)� = ℐ(��) and ℐ(�) = ℎ��(ℐ(��)). Also, ��  is �-projective module, 
then there exists ��, ��: �� → � such that ℎ ∘ �� = �. Now, we have ℎ ∘ �� ∈ ���(�), also, we 
have (� ∘ �)(�̅) = (ℎ ∘ ��) ∘ (ℎ ∘ ��)(�̅) ∈ ℎ(�), implies that (� ∘ �)(�̅) = ℎ(�� ∘ ℎ ∘
��(�̅)) ∈ ℎ(�), then there exists nonzero element � ∈ � such that  ℎ��� ∘ ℎ ∘ ��(�̅)� = ℎ(�), 
it follows that ℎ(�� ∘ ℎ ∘ ��(�̅) � �) = 0 implise that �� ∘ ℎ ∘ ��(�̅) � � ∈ ���(ℎ) ⊆ �, 
hence �� ∘ ℎ ∘ ��(�̅) ∈ �. That is (�� ∘ ℎ) ∘ (�� ∘ ℎ)(�) ∈ �. But � is a STN-2-Absorabing 
sub-module of �, then either (�� ∘ ℎ)(�) ∈ � + ℐ(�) or (�� ∘ ℎ)(�) ∈ � + ℐ(�) or (�� ∘ ℎ) ∘
(�� ∘ ℎ)(�) ⊆ � + ℐ(�). Thus either ��(�̅) ∈ � + ℐ(��) or ��(�̅) ∈ � + ℐ(��) or (�� ∘ ℎ ∘
��)(ℎ(�)) ⊆ � + ℐ(��). Hence ℎ(�) is a STN-2-Absorabing sub-module of �� . 

3.16 Proposition (3.16) 

 Let �  and � be proper sub-modules of an Ɍ-module � with � ⊆ � and � is fully invariant in 
�. If  �� is a STN-2-Absorabing sub-module of ��, then � is a STN-2-Absorabing sub-module 
of �. 

3.16.1 Proof  

Assume that (� ∘ �)(�) ∈ � where �, � ∈ ���(�),  � ∈ � and let ��, ��: �� →
�
� defined by 

��(� + �) = �(�) + � and ��(� + �) = �(�) + � for each � ∈ �. Since � is fully invariant, 
then ��, �� are well-defined. If � ∈ � ⊆ �, then �� ∘ ��(� + �) = ��(��(�) + �) =
�(�(�) + �) = (� ∘ �)(�) + � ∈ �

�. But �� is a STN-2-Absorabing sub-module of ��, then 

either �(� + �) ∈ �
� + ℐ(��) or �(� + �) ∈ �

� + ℐ(��) or (� ∘ �)(��) ⊆ �
� + ℐ(��). It follows that 

either �(�) + � ∈ �
� + ℐ(��) or �(�) + � ∈ �

� + ℐ(��) or ���(�)� + � ⊆ �
� + ℐ(��). Hence 

either �(�) ∈ � + ℐ(�) or �(�) ∈ � + ℐ(�) or (� ∘ �)(�) ⊆ � + ℐ(�). Thus � is a STN-2-
Absorabing sub-module of �. 

3.17 Proposition (3.17) 

Let � be STN-2-Absorabing sub-module of an Ɍ-module � and � is an �-injective sub-
module of �. Then either � ⊆ � or � � � is a STN-2-Absorabing sub-module of �. 
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3.17.1 Proof  

Suppose that � � �, then  � � � is a proper sub-module of �. Now, assume that (� ∘)�(�) ∈
� � � where �, � ∈ ���(�) and � ∈ � with �(�) � � � � + ℐ(�), then �(�) � �. To prove 
that �(�) ∈ � � � + ℐ(�) or (� ∘ �)(�) � � � � + ℐ(�).Since � is a �-injective, then there 
exists ��, ��: � � � such that �� ∘ � = � and �� ∘ � = � where � is the inclusion map from � 
into �. Clearly ��, �� ∈ ���(�). But (� ∘ �)(�) = (�� ∘ �) ∘ (�� ∘ �))(�) = (�� ∘ � ∘
��)(�(�)) = (�� ∘ �)(��(�)) ∈ �. But � is a STN-2-Absorabing sub-module of � and ��(�) =
�(�) � � + ℐ(�), then either ��(�) ∈ � + ℐ(�), then ��(�) ∈ � � � + ℐ(�). If (�� ∘
��)(�) � � + ℐ(�) as (� ∘ �)(�) = (�� ∘ �) ∘ (�� ∘ �))(�) = (�� ∘ � ∘ ��)(�(�)) = (�� ∘
�)(��(�)) � � + ℐ(�), that is (� ∘ �)(�) � � + ℐ(�). Also, (� ∘ �)(�) � � + ℐ(�). Then 
(� ∘ �)(�) � � � � + ℐ(�). Thus � � � is a STN-2-Absorabing sub-module of �. 

3.18 Proposition (3.18) 

Let �  be a maximal and fully invariant sub-module of an Ɍ-module �. Then � is a STN-2-
Absorabing sub-module of �. 

3.18.1 Proof  

Assume (� ∘ �)(�) ∈ �, where � ∈ �, �, � ∈ ���(�) and � � �, �(�) � � + ℐ(�). Since 
� is a maximal and � � �, then � = � + Ɍ�, then (� ∘ �)(�) = (� ∘ �)(�) +
(� ∘ �)(Ɍ�) = (� ∘ �)(�) + Ɍ(� ∘ �)(�) � � + ℐ(�) because � is fully invariant. Thus 
(� ∘ �)(�) � � + ℐ(�). Hence � is a STN-2-Absorabing sub-module of �. 

4 Characterizations of stn-2-absorabing sub-modules in some 
types of modules 
Before we introduce the first result we need to prove this lemma. 

4.1 Lemma (4.1) 

Let � be a proper sub-module of a multiplication projective Ɍ-module �. Then � is 
Nearly-2-Absorabing sub-module of � if and only if [�:Ɍ �] is Nearly-2-Absorabing ideal of 
Ɍ. 

4.1.1 Proof  

⇒) Assume that � is Nearly-2-Absorabing sub-module of �, and ��� � [�:Ɍ �] for some 
ideal � of Ɍ and �, � ∈ Ɍ, then ��(��) � �. But � is Nearly-2-Absorabing sub-module of �, 
then by definition(2.3) either �(��) � � + ℐ(�) or �(��) � � + ℐ(�) or ��� � � + ℐ(�). 
Since � is multiplication, hence� = [�:Ɍ �]�, and since � is projective multiplication, then 
by proposition (2.22) ℐ(�) = ℐ(Ɍ)�. Thus either ��� � [�:Ɍ �]� + ℐ(Ɍ)� or ��� �
[�:Ɍ �]� + ℐ(Ɍ)� or ��� � [�:Ɍ �]� + ℐ(Ɍ)�. Hence either �� � [�:Ɍ �] + ℐ(Ɍ) or �� �
[�:Ɍ �] + ℐ(Ɍ)  or �� � [�:Ɍ �] + ℐ(Ɍ) = �[�:Ɍ �] + ℐ(Ɍ): Ɍ�.Therefore by definition(2.3) 
[�:Ɍ �] is a Nearly-2-Absorabing ideal of Ɍ.  
⇐) Suppose that [�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ, and ��� � � for � ∈ Ɍ and some 
sub-module � of � and for some ideal � of Ɍ since � is a multiplication, then � = ℐ� for 
some ideal ℐ of Ɍ, that is ��ℐ� � � , implies that ��ℐ � [�:Ɍ �], but [�:Ɍ �] is Nearly-2-
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Absorabing ideal of Ɍ, then either �ℐ � [�:Ɍ �] + ℐ(Ɍ) or �ℐ � [�:Ɍ �] + ℐ(Ɍ) or �� �
�[�:Ɍ �] + ℐ(Ɍ):Ɍ Ɍ� = [�:Ɍ �] + ℐ(Ɍ). Thus either  �ℐ� � [�:Ɍ �]� + ℐ(Ɍ)� or �ℐ� �
[�:Ɍ �]� + ℐ(Ɍ)� or ��� � [�:Ɍ �]� + ℐ(Ɍ)�. But � is a projective Ɍ-module, then ℐ(�) =
ℐ(Ɍ)�, hence  either �� � � + ℐ(�) or �� � � + ℐ(�) or �� � [� + ℐ(�):Ɍ �]. Thus � is 
Nearly-2-Absorabing sub-module of�. 

4.2 Proposition (4.2) 

Let � be a proper sub-module of a cyclic projective Ɍ-module �. Then � is STN-2-
Absorabing sub-module of � if and only if [�:Ɍ �] is a STN-2-Absorabing ideal of Ɍ. 

4.2.1 Proof 

⇒) Since � is STN-2-Absorabing sub-module of � and � be a cyclic, then by corollary(3.12) 
� is Nearly-2-Absorabing sub-module of �. But � is a cyclic, then by proposition(2.21) � is 
a multiplication and by lemma (4.1) [�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ, a gain by 
corollary (3.12) we have [�:Ɍ �] is a STN-2-Absorabing ideal of Ɍ. 

⇐) Now, let [�:Ɍ �] is a STN-2-Absorabing ideal of Ɍ, then by corollary(3.12) [�:Ɍ �] is 
Nearly-2-Absorabing ideal of Ɍ. But � is a cyclic, then by proposition(2.21) � is a 
multiplication and � is projective. Thus by lemma(4.1) � is Nearly-2-Absorabing sub-
module of �, againe by corollary (3.12) we have � is a STN-2-Absorabing sub-module of �. 

Again before we introduce the following result we need to proof this lemma. 

4.3 Lemma (4.3) 

Let � be a proper sub-module of a faithful multiplication Ɍ-module �. Then � is a Nearly-2-
Absorabing sub-module of � if and only if [�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ. 

4.3.1 Proof  

⇒) Let ��� � [�:Ɍ �] for �, �, � � Ɍ, then ��(��) � �. Since � is Nearly-2-Absorabing sub-
module of �, then by definition(2.3) either ��� � � + ℐ(�) or ��� � � + ℐ(�)  or ��� �
� + ℐ(�). But � is multiplication, then � = [�:Ɍ �]� and since � is faithful multiplication, 
then by proposition (2.24) ℐ(�) = ℐ(Ɍ)�. Thus either ��� � [�:Ɍ �]� + ℐ(Ɍ)� or � �
[�:Ɍ �]� + ℐ(Ɍ)�  or ��� � [�:Ɍ �]� + ℐ(Ɍ)�, it follows that either �� � [�:Ɍ �] + ℐ(Ɍ) 
or �� � [�:Ɍ �] + ℐ(Ɍ) or �� � [�:Ɍ �] + ℐ(Ɍ) = �[�:Ɍ �] + ℐ(Ɍ):Ɍ Ɍ�. Hence [�:Ɍ �] is 
Nearly-2-Absorabing ideal of Ɍ.  

⇐) Suppose that [�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ, and ��� � � for some sub-
module � of � and �, � � Ɍ,  since � is a multiplication, then � = ℐ�,  for some ideal ℐ of Ɍ, 
that is ��ℐ� � � , implies that �ℐ� � [�:Ɍ �], but [�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ, 
then either �ℐ � [�:Ɍ �] + ℐ(Ɍ) or �ℐ � [�:Ɍ �] + ℐ(Ɍ) or �� � �[�:Ɍ �] + ℐ(Ɍ):Ɍ Ɍ� =
[�:Ɍ �] + ℐ(Ɍ). Thus either  �ℐ� � [�:Ɍ �]� + ℐ(Ɍ)� or �ℐ� � [�:Ɍ �]� + ℐ(Ɍ)� or ��� �
[�:Ɍ �]� + ℐ(Ɍ)�. Hence by proposition (2.24) either �� � � + ℐ(�) or �� � � + ℐ(�) or 
�� � [� + ℐ(�):Ɍ �]. Thus � is Nearly-2-Absorabing sub-module of �. 

4.4 Proposition (4.4) 

Let � be a proper sub-module of a cyclic faithful Ɍ-module �. Then � is STN-2-Absorabing 
sub-module of � if and only if [�:Ɍ �] is a STN-2-Absorabing ideal of Ɍ. 
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4.4.1 Proof 

⇒) Since � is STN-2-Absorabing sub-module of � and � be a cyclic, then by corollary(3.12) 
� is Nearly-2-Absorabing sub-module of �. But � is cyclic then by proposition(2.21) � is a 
multiplication and by lemma (4.3) [�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ, a gain by 
corollary (3.12) we have [�:Ɍ �] is a STN-2-Absorabing ideal of Ɍ. 

⇐) Now, let [�:Ɍ �] is a STN-2-Absorabing ideal of Ɍ, then by corollary(3.12) [�:Ɍ �] is 
Nearly-2-Absorabing ideal of Ɍ. But � is cyclic, then by proposition(2.21) � is a 
multiplication and � is faithful. Thus by lemma(4.3) � is Nearly-2-Absorabing sub-module 
of �, againe by corollary (3.12) we have � is STN-2-Absorabing sub-module of �. 

 We need to proof the following lemma before we introduced the next result. 

4.5 Lemma (4.5) 

 Let � be a content multiplication Ɍ-module and � be a proper sub-module of �. Then � is 
Nearly-2-Absorabing sub-module of � if and only if [�:Ɍ �] is Nearly-2-Absorabing ideal of 
Ɍ. 

4.5.1 Proof  

⇒) Let �ℐ� ⊆ [�:Ɍ �] for some ideal ℐ of Ɍ and �, � ∈ Ɍ, then �ℐ(��) ⊆ �. But � is Nearly-
2-Absorabing sub-module of �, then by definition(2.3) either �(��) ⊆ � + ℐ(�) or ℐ(��) ⊆
� + ℐ(�) or �ℐ� ⊆ � + ℐ(�). Since � is multiplication, then � = [�:Ɍ �]�, and since � is 
content, then by proposition(2.26) ℐ(�) = ℐ(Ɍ)�. Thus either ��� ⊆ [�:Ɍ �]� + ℐ(Ɍ)� or 
ℐ�� ⊆ [�:Ɍ �]� + ℐ(Ɍ)� or �ℐ� ⊆ [�:Ɍ �]� + ℐ(Ɍ)�. It n by Proposition 
(1.1.3=111111111111111111111111111111111111111111111111111111111111111111
111111111111111111111111111111111111111111111111111111111111111111111111
111111111111111111111111111111111111111111111111111111111111111111follows 
that either �� ⊆ [�:Ɍ �] + ℐ(Ɍ) or ℐ� ⊆ [�:Ɍ �] + ℐ(Ɍ)  or �ℐ ⊆ [�:Ɍ �] + ℐ(Ɍ) =
�[�:Ɍ �] + ℐ(Ɍ): Ɍ�.Hence [�:Ɍ �] is a Nearly-2-Absorabing ideal of Ɍ.  

⇐) Assume [�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ, and ����� ⊆ � for ��, �� ∈ � and 
some sub-module � of �, since � is a multiplication, then � = ℐ�, (��) = ��� and (��) =
��� for some ideals ℐ, �� and �� of Ɍ that is ����ℐ� ⊆ � , implies that ����ℐ ⊆ [�:Ɍ �], but 
[�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ, then by definition(2.3) either ��ℐ ⊆ [�:Ɍ �] +
ℐ(Ɍ) or ��ℐ ⊆ [�:Ɍ �] + ℐ(Ɍ) or ���� ⊆ �[�:Ɍ �] + ℐ(Ɍ):Ɍ Ɍ� = [�:Ɍ �] + ℐ(Ɍ). Thus either  
��ℐ� ⊆ [�:Ɍ �]� + ℐ(Ɍ)� or ��ℐ� ⊆ [�:Ɍ �]� + ℐ(Ɍ)� or ����� ⊆ [�:Ɍ �]� + ℐ(Ɍ)�. 
Hence by proposition (2.26) either ��� ⊆ � + ℐ(�) or ��� ⊆ � + ℐ(�) or ���� ∈
[� + ℐ(�):Ɍ �]. Therefore � is a Nearly-2-Absorabing sub-module of �. 

4.6 Proposition (4.6) 

Let � be a cyclic content Ɍ-module and � be a proper sub-module of �. Then � is STN-2-
Absorabing sub-module of � if and only if [�:Ɍ �] is a STN-2-Absorabing ideal of Ɍ. 

4.6.1 Proof 

⇒) Since � is STN-2-Absorabing sub-module of � and � be a cyclic, then by corollary(3.12) 
� is Nearly-2-Absorabing sub-module of �. But � is cyclic then by proposition(2.21) � is a 
multiplication and by lemma (4.5) [�:Ɍ �] is Nearly-2-Absorabing ideal of Ɍ, a gain by 
corollary (3.12) we have [�:Ɍ �] is a STN-2-Absorabing ideal of Ɍ. 
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⇐) Now, let [�:Ɍ �] is STN-2-Absorabing ideal of Ɍ, then by corollary(3.12) [�:Ɍ �] is 
Nearly-2-Absorabing ideal of Ɍ. But � is cyclic then by proposition(2.21) � is a 
multiplication and � is projective. Thus by lemma(4.5) � is Nearly-2-Absorabing sub-
module of �, againe by corollary (3.12) we have � is a STN-2-Absorabing sub-module of �. 

We need to prove the following lemma before we introduce the next proposition. 

4.7 Lemma (4.7) 

Let � be a finitely-generated multiplication projective Ɍ-module, and � is an ideal of Ɍ with 
���Ɍ(�) ⊆ �. Then � is a Nearly-2-Absorabing ideal of Ɍ if and only if �� is a Nearly-2-
Absorabing sub-module of �. 

4.7.1 Proof  

⇒) Let ������ ⊆ ��, for ��, �� and �� are sub-modules of �. Since � is a multiplication, 
so �� = ���, �� = ��� and �� = ��� for some ideals��, ��, �� in Ɍ, that is ������� ⊆ ��. But 
� is a finitely-generated multiplication Ɍ-module then by proposition(2.27) ������ ⊆ � +
���Ɍ(�), but ���Ɍ(�) ⊆ �, implies that � + ���Ɍ(�) = �, thus ������ ⊆ �. Now, by 
assumption � is a Nearly-2-Absorabing ideal of Ɍ then by proposition(2.3) either ���� ⊆ � +
ℐ(Ɍ) or ���� ⊆ � + ℐ(Ɍ) or ���� ⊆ [� + ℐ(Ɍ):Ɍ Ɍ] = � + ℐ(Ɍ), it follows that either ����� ⊆
�� + ℐ(Ɍ)� or ����� ⊆ �� + ℐ(Ɍ)� or ����� ⊆ �� + ℐ(Ɍ)�. Since � is a projective then 
by proposition (2.22) ℐ(�) = ℐ(Ɍ)�, it follows that either ���� ⊆ �� + ℐ(�) or ���� ⊆
�� + ℐ(�) or ���� ⊆ �� + ℐ(�). Hence by definition(2.3) �� is a Nearly-2-Absorabing 
sub-module of �.  

⇐ Let ������ ⊆ �, for ��, �� and �� are ideals in Ɍ, implies that ����(���) ⊆ ��. But �� 
is a Nearly-2-Absorabing sub-module of �, then by definition(2.3) either ��(���) ⊆ �� +
ℐ(�) or ��(���) ⊆ �� + ℐ(�) or ����� ⊆ �� + ℐ(�). But � is a projective then ℐ(�) =
ℐ(Ɍ)�. Thus either ����� ⊆ �� + ℐ(Ɍ)� or ����� ⊆ �� + ℐ(Ɍ)�or ����� ⊆ �� + ℐ(Ɍ)�, it 
follows that either ���� ⊆ � + ℐ(Ɍ) or  ���� ⊆ � + ℐ(Ɍ)or ���� ⊆ � + ℐ(Ɍ) ⊆ [� +
ℐ(Ɍ):Ɍ Ɍ]. Hence by definition(2.3) � is Nearly-2-Absorabing ideal of Ɍ. 

4.8 Proposition (4.8) 

Let � be a cyclic projective Ɍ-module and � be a proper ideal of Ɍ with ���Ɍ(�) ⊆ �. Then 
� is STN-2-Absorabing ideal of Ɍ if and only if �� is STN-2-Absorabing sub-module of �. 

4.8.1 Proof 

⇒) Assume � is STN-2-Absorabing ideal of Ɍ, then by proposition(3.9) � is Nearly-2-
Absorabing ideal of Ɍ. Since � is cyclic then by proposition(2.21) � is a multiplication, 
also � is cyclic then � is finitely-generated. Now � is finitely-generated multiplication 
projective Ɍ-module and � is Nearly-2-Absorabing ideal of Ɍ then by lemma (4.7) �� is 
Nearly-2-Absorabing sub-module of �. But � is cyclic then by corollary(3.12)  �� is STN-
2-Absorabing sub-module of �. 

⇐) Suppose �� is STN-2-Absorabing sub-module of �, then by proposition(3.9) �� is 
Nearly-2-Absorabing sub-module of �. Since � is a cyclic, then � is finitely-generated 
multiplication and � is projective, then by lemma(4.7) � is Nearly-2-Absorabing ideal of Ɍ. 
But � is cyclic then by corollary(3.12) � is a STN-2-Absorabing ideal of Ɍ. 

Before we introduce the next proposition need to prove the following lemma. 
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4.9 Lemma (4.9) 

Let � be a faithful finitely-generated multiplication Ɍ-module and � is ideal of Ɍ. Then � is 
Nearly-2-Absorabing ideal of Ɍ if and only if �� is Nearly-2-Absorabing sub-module of �. 

4.9.1 Proof  

⇒) Let ��� � �� for any �, � � Ɍ, � is a sub-module of �. Since � is a multiplication, then 
� = �� for some ideal � of  Ɍ, that is ���� � ��. Thus by proposition(2.27) we get ��� �
� + ���(�), but � is  faithful, it follows ���(�) = {0}, that is ��� � �. Since � is a Nearly-
2-Absorabing ideal of Ɍ, then by definition(2.3) either �� � � + ℐ(Ɍ)  or �� � � + ℐ(Ɍ) or 
�� � [� + ℐ(Ɍ):Ɍ Ɍ] = � + ℐ(Ɍ), hence either ��� �  �� + ℐ(Ɍ)� or ��� � �� + ℐ(Ɍ)�or 
��� �  �� + ℐ(Ɍ)�, hence by proposition(2.24) either �� �  �� + ℐ(�) or �� �  �� +
ℐ(�) or ��� �  �� + ℐ(�). Thus �� is a Nearly-2-Absorabing sub-module of �.  

⇐) Let ��� � � for �, � � Ɍ and � ideal of Ɍ, hence  ��(��) � ��, but �� is a Nearly-2-
Absorabing sub-module of �, then either �(��) � �� + ℐ(�) or �(��) � �� + ℐ(�) or 
��� � �� + ℐ(�). Thus by proposition(2.24) either ��� � �� + ℐ(Ɍ)�  or ��� � �� +
ℐ(Ɍ)� or ��� � �� + ℐ(Ɍ)�, hence either �� � � + ℐ(Ɍ) or �� � � + ℐ(Ɍ) or �� � � +
ℐ(Ɍ)  = [� + ℐ(Ɍ):Ɍ Ɍ]. Therefore � is Nearly-2-Absorabing ideal of Ɍ. 

4.10 Proposition (4.10) 

Let � be a cyclic faithful Ɍ-module and � be a proper ideal of Ɍ. Then � is STN-2-
Absorabing ideal of Ɍ if and only if �� is STN-2-Absorabing sub-module of �. 

4.10.1 Proof 

⇒) Assume � is STN-2-Absorabing ideal of Ɍ, then by proposition(3.9) � is Nearly-2-
Absorabing ideal of Ɍ. Since � is cyclic then by proposition(2.21) � is a multiplication, 
also � is cyclic then � is finitely-generated. Now � is finitely-generated multiplication 
faithful Ɍ-module and � is Nearly-2-Absorabing ideal of Ɍ then by lemma (4.9) �� is Nearly-
2-Absorabing sub-module of �. But � is cyclic then by corollary(3.12)  �� is STN-2-
Absorabing sub-module of �. 

⇐) Suppose �� is STN-2-Absorabing sub-module of �, then by proposition(3.9) �� is 
Nearly-2-Absorabing sub-module of �. Since � is cyclic so � is finitely-generated 
multiplication, and � is faithful then by lemma(4.9) � is Nearly-2-Absorabing ideal of Ɍ. 
But � is cyclic then by corollary(3.12) � is a STN-2-Absorabing ideal of Ɍ. 

Now to prove the following lemma before give the next proposition. 

4.11 Lemma (4.11) 

Let � be a finitely-generated multiplication content Ɍ-module and � is ideal of Ɍ with 
���Ɍ(�) � �. Then � is a Nearly-2-Absorabing ideal of Ɍ if andonly if �� is a Nearly-2-
Absorabing sub-module of �. 

4.11.1 Proof  

(⇒) Let ������ � ��, for ��, �� and �� are sub-modules of �. Since � is a multiplication, 
then �� = ���, �� = ��� and �� = ��� for some ideals ��, ��, �� of Ɍ, that is ������� � ��. 
But � is a finitely-generated multiplication Ɍ-module then by proposition(2.27) ������ � � +
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���Ɍ(�), but ���Ɍ(�) ⊆ �, implies that � + ���Ɍ(�) = �, thus ������ ⊆ �. Now, by 
assumption � is a Nearly-2-Absorabing ideal of Ɍ then by definition(2.3) either ���� ⊆ � +
ℐ(Ɍ) or ���� ⊆ � + ℐ(Ɍ) or ���� ⊆ [� + ℐ(Ɍ):Ɍ Ɍ] = � + ℐ(Ɍ), it follows that either ����� ⊆
�� + ℐ(Ɍ)� or ����� ⊆ �� + ℐ(Ɍ)� or ����� ⊆ �� + ℐ(Ɍ)�. Since � is content then by 
proposition(2.26) ℐ(�) = ℐ(Ɍ)�, itfollows either ���� ⊆ �� + ℐ(�) or ���� ⊆ �� + ℐ(�) 
or ���� ⊆ �� + ℐ(�). Hence by definition(2.3) �� is a Nearly-2-Absorabing sub-module 
of �. 

(⇐) Let ������ ⊆ �, for ��, �� and �� are ideals in Ɍ, implies that ����(���) ⊆ ��. But �� 
is a Nearly-2-Absorabing sub-module of �, then by definition(2.3) either ��(���) ⊆ �� +
ℐ(�) or ��(���) ⊆ �� + ℐ(�) or ����� ⊆ �� + ℐ(�). But � is a projective then ℐ(�) =
ℐ(Ɍ)�. Thus either ����� ⊆ �� + ℐ(Ɍ)� or ����� ⊆ �� + ℐ(Ɍ)�or ����� ⊆ �� + ℐ(Ɍ)�, it 
follows that either ���� ⊆ � + ℐ(Ɍ) or  ���� ⊆ � + ℐ(Ɍ)or ���� ⊆ � + ℐ(Ɍ) ⊆ [� +
ℐ(Ɍ):Ɍ Ɍ]. Hence by definition(2.3)  � is a Nearly-2-Absorabing ideal of Ɍ. 

4.12 Proposition (4.12) 

Let � be a cyclic content Ɍ-module and � be a proper ideal of Ɍ, with ���Ɍ(�) ⊆ �. Then 
� is STN-2-Absorabing ideal of Ɍ if and only if �� is STN-2-Absorabing sub-module of �. 

4.12.1 Proof 

In the same way of proposition(4.8). 
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