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Abstract. Let R be a commutative ring with identity and V be a unitary left
R-module. The concept of Strongly Nearly-2-Absorabing sub-modules as a
generalization of Endo-2-Absorabing sub-modules and strong form of
Nearly-2-Absorabing sub-modules are introduced in this paper. Many
examples, basic properties of this concept are introduced. Furthermore we
prove that in class of (scalar, cyclic and finitely-generated) modules the two
concepts Nearly-2-Absorabing sub-modules and Strongly Nearly-2-
Absorabing sub-modules are equivalent. Moreover we prove that Endo-2-
Absorabing and Strongly Nearly-2-Absorabing sub-modules are equivalent
in class of (semi simple, regular) modules. Also those concepts are
equivalent in class of all modules over a v-ring. Finally we prove several
characterizations of Strongly Nearly-2-Absorabing sub-modules in some
types of modules such as (projective, faithful and content) modules in class
of cyclic modules.

1 Introduction

Throw out this paper all rings are commutative with identity, and all modules are unitary left
R-modules. Endo-2-Absorabing sub-modules are the famous concept to start with, and were
first introduced by Harfash in (2015) as a strong of 2-Absorabing sub-modules. In this paper
we introduce new generalizations of Endo-2-Absorabing sub-modules which we called
Strongly Nearly-2-Absorabing sub-modules. These papers consist of three parts. In part one
introduce several well-known definitions and propositions that we needed throw this paper.
In part two we give some basic proposition, examples of Strongly Nearly-2-Absorabing sub-
modules, and prove that every Endo-2-Absorabing is Strongly Nearly-2-Absorabing sub-
modules, but not conversely. Also prove that every Strongly Nearly-2-Absorabing is Nearly-
2-Absorabing sub-modules, but not conversely. Many basic properties and propositions of
Strongly Nearly-2-Absorabing sub-modules are introduce in this part. In part three dell with
introduced several characterizations of Strongly Nearly-2-Absorabing sub-modules in some
kinds of modules.
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2 Basic Concept

2.1 Definition (2.1)[1]

A proper sub-module S of an R-module V is called Endo-2-Absorabing sub-module if
whenever (fog)(v) € S, for f,g € End(V),v € V, then either f(v) €S or g(v) €S or

(fog)(V) € S.
2.2 Definition (2.2)[2]

The Jacobson radical (V) of an R-module V' is defined as intersection of all maximal sub-
modules ofV/.

2.3 Definition (2.3)[3]

"A proper sub-module S of an R-module V' is called Naely-2-Absorabing, if whenever rcv €
S, for r,c € R, v € V, implies that either rv €S+ J(V) or cv €S+ I(V) orrcV € S +
J(V). And an ideal I of a ring R is called Naely-2-Absorabing ideal of R if I is an Naely-2-
Absorabing sub-module of an R-module R".

2.4 Definition (2.4)[4]

A proper sub-module S of an R-module V is called 2-Absorabing, if whenever rcv € S, for
r,c € R, v € V, implies that either rv € Sorcv € SorrcV C S.

2.5 Definition (2.5)[5]

An R-module V is called semi simple if every sub-module of V is a direct summand ofV.

Equivalently V is semi simple if and only if 7(V) = 0.

2.6 Proposition (2.6)[2, Exercise (12)]

_JW)+S

If S is a sub-module of an R-moduleV, with S is a direct summand of V/, then 7 (%) .

2.7 Definition (2.7)[6]

R

ann(v)

An R-module V is called regular if is regularvVv € V.

2.8 Proposition (2.8)[6, proposition (3.9)]

Let V be a regular R.-module then 7(V) = 0.

2.9 Definition (2.9)[7]

A ring R is v-ring if for any R-module V, then 7(V) = 0.
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2.10 Proposition (2.10)[2, proposition (9.1.4)(b)]

If S is a sub-module of an R-module V, with 7 (%) =0,then J(V) C S.

2.11 Definition (2.11)[8]

An R — module V is said to be scalar module if for each f € End(V), there exists r €
R such that f(v) = rv foreachv € V.

2.12 Proposition (2.12)[8, proposition (1.1.7)]

Every cyclic R —module V is scalar module.

2.13 Proposition (2.13)[8, corollary (1.1.11)]

If V is a finitely — generated R-module, then V is scalar module.

2.14 Definition (2.14)[2]

An R-epimorphism f:V — V' is called small epimorphism if ker(f) is small sub-module
ofV.

2.15 Definition (2.15)[9]

An R-module V is fully stable if each sub-module of V' is stable.

2.16 Remark (2.16)[9, p.7]

Every stable sub-module is fully invariant.

2.17 Definition (2.17)[2]

An R-module V is called A-projective if for each homomorphism f:V — W, where W is R-
module and each R-epimorphism g: A — W there exists an R-homomrphism h: V — A such
that goh = f.

2.18 Definition (2.18)[2]

An R-module V is called M-injective if for each R-homomorphism g: K — L, and each R-
homorphism f: K — M, where M is R-module there exists an R-homomrphism h: M — V
such that hof = g.

2.19 Definition (2.19)[10]

"An R-module V is multiplication if every sub-module S of V' is of the form S = IV for some
ideal I of R. Equivalently V is multiplication if S = [S:z V]V".
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2.20 Definition (2.20)[11]

"For any sub-module S and L of a multiplication R-module V with § = IV, L = JV, for some
ideals I and J of R. The product SL = IS.JL = IJV, that is SL = IL, in particular SV =
v =1V =8".

2.21 Definition (2.21)[10]

If V 1s cyclic R-module, then V' is a multiplication.

2.22 Proposition (2.22)[2, Theorem (9.2.1)(9)]
For any projective R-module V, then 7(V) = I(R)V.

2.23 Definition (2.23)[2]
An R-module V is faithful if ann(V) = {r € R:rv = (0)} = (0).

2.24 Proposition (2.24)[12, Remark p.14]

Let V be faithful multiplication R-module, then 7(V) = J(R)V.

2.25 Definition (2.25)[13]

"An R-module V is said content if (N;e; 4;)V = N;e; A; V, for some family of ideals A; in
R".

2.26 Proposition (2.26)[12, proposition (1.11)]

If V is content module then 7(V) = J(R)V.

2.27 Proposition (2.27)[14, corollary of Theorem(9)]

"Let V be a finitely-generated multiplication R-module, I; and I, are ideals in R. Then ,V €
LV ifand only if I; € I, + anng(V)".

3 Strongly nearly-2-absorabing sub-modules

In this part of the paper we introduce the definition of Strongly Nearly-2-Absorabing sub-
module and give some basic properties, examples of this concept.

3.1 Definition (3.1)

A proper sub-module S of an R-module V is called Strongly Nearly-2-Absorabing ( for short
STN-2-Absorabing ) sub-module of V, if whenever (f o g)(v) € S, for f,g € End(V) and
v € V, implies that either f(v) €S +I(V)org(v) €eS+I(V)or (fog)(V) S S+I(V).
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3.2 Proposition (3.2)

Every Endo-2-Absorabing sub-module S of an R-module V is STN-2-Absorabing sub-
module.

3.2.1 Proof

Let S be Endo-2-Absorabing sub-module of an R-module V and let (f o g)(v) € S,forf,g €
End(V)andv € V,then f(v) eSS S+IV)orglv) eSS S+IV)orf(v) ESS S+
JWV)Y(feg)(V)e SSS+I(V). Thus S is STN-2-Absorabing sub-module of V.

The convers of proposition(3.2) is not true in general, the following example explain that.

3.3 Example (3.3)

Consider the Z —module Zg and sub-module S = (0), S is STN-2-Absorabing sub-module,
because 7(Zg) = (2) but S is not Endo-2-Absorabing. Since f, g: Zg — Zg defined by f(v) =
2v, g(v) = 2v for all v € Zg, so that (f o g)(2) € (0). But f(2) & (0) and g(2) & (0) and
(f ° 9)(Zs) = {0,4} £ (0).

The convers of proposition(3.2) satisfied in the following propositions under certain
conditions.

3.4 Proposition (3.4)

Let V be a semi simple R-module and S be a proper sub-module of V. Then S is Endo-2-
Absorabing sub-module of V if and only if S is STN-2-Absorabing sub-module of V.

3.4.1 Proof

=) Directly through the proposition(3.2).

<) Assume (fog)(v) €S, where vE€V and f,g € End(V). Since V is STN-2-
Absorabing sub-module of V, then either f(v) €S+I(V) or glv) €ES+I(V) or
(fog)(V) € S+ 3(V). Since V is a semi simple, then J(V) = 0. Therefore f(v) €S or
gw) e Sor(fog)(V) € S. Hence S is Endo-2-Absorabing sub-module of V.

3.5 Proposition (3.5)

Let V be a regular R-module and S be a proper sub-module of/. Then S is Endo-2-
Absorabing sub-module of V if and only if S is STN-2-Absorabing sub-module of V.

3.5.1 Proof

=) Directly through the proposition(3.2).

&) Assume (feog)(v) €S, where veEV and f,g € End(V). Since V is STN-2-
Absorabing sub-module of V, then either f(v) €S+I(V) or g(v) €ES+I(V) or
(fog)(V) €S+ 3(V). But V is regular, then by proposition(2.8) 7(V) = 0. Hence S is
Endo-2-Absorabing sub-module of V.
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3.6 Proposition (3.6)

Let V be an R-module over a v-ring R, and S be a proper sub-module ofV. Then S is Endo-
2-Absorabing sub-module of V if and only if S is STN-2-Absorabing sub-module of V.

3.6.1 Proof

=) Directly through the proposition(3.2).
&) Since V is an R-module over v-ring R, then (V) = 0. That is the proof is direct.

3.7 Proposition (3.7)

Let V be an R-module, and S be a proper sub-module of V with 7(V) € S. Then S is Endo-
2-Absorabing sub-module of V if and only if S is STN-2-Absorabing sub-module of V.

3.7.1 Proof

=) Directly through the proposition (3.2).

&)Let(feg)(v) €S, forveVandf,g € End(V). Since V is STN-2-Absorabing sub-
module of V, then either f(v) €S+ I(V) or g(v) €S+ I(V) or (fog)(V) €S+ I(V).
Since 7(V) € S, then I(V) + S = S. Hence the proof is followed.

The following corollary as a direct application of proposition(3.7).

3.8 Corollary (3.8)

Let V be an R-module, and S be a proper sub-module of V with J (E) = 0. Then S is Endo-

2-Absorabing sub-module of V if and only if § is STN-2-Absorabing sub-module of V.
The following propositions explain the relationships of STN-2-Absorabing sub-modules
with Nearly-2-Absorabing sub-modules.

3.9 Proposition (3.9)

Every STN-2-Absorabing sub-module S of an R-module V is Nearly-2-Absorabing sub-
module.

3.9.1 Proof

Let S be STN-2-Absorabing sub-module of an R-module V and let rcv € S, for r,c € R and
veV.Letf,g € End(V) defined by f(v) = rv, g(v) = cv. Thus (f o g)(v) € S. Since S
is STN-2-Absorabing sub-module of V, then either f(v) € S+ I(V) or g(v) € S+ I(V) or
(feg)(V)SS+IT(V). Thus either rveS+I(V) or cveS+IV) orrc(V)CS S+
J(V). S is Nearly-2-Absorabing sub-module of V.

The convers of proposition(3.9) is not true in general as the following example explain
that.

3.10 Example (3.10)

Let V=Z®Z, R=Z and the sub-module S = 0B7Z, it is clear that S is Nearly-2-
Absorabing sub-module of V. But S is not STN-2-Absorabing sub-module to show that.
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Let f:V — V defineby f(v,n) = (n,v), g:V - V define by g(v,n) = (n,0), forv,n €
V, consider (f °g)(1,7) = f(g(1,7)) = f(7,0)=(0,7) €S, but f(1,7) =(1,7) € S+
JWV) and g(1,7) =(0,7) ¢ S+I(V) and (feog)(ZBZ) = f(g(ZEBZ)) =f(Z,0) =
(0,2) €S +I3(V).

The convers of proposition(3.9) is hold in the following results under certain conditions.

3.11 Proposition (3.11)

Let VV be a scalar R-module and S be a proper sub-module of V. Then § is a STN-2-
Absorabing sub-module of V if and only if S is a Nearly-2-Absorabing sub-module of V.

3.11.1 Proof

=) Directly through the proposition(3.9).

<) Assume that (f o g)(v) € Sc, where v € V and f,g € End(V). Since V is a scalar
module, then there exists , ¢ € R such that f(v) = rv and g(v) = cv for all v € V. Now,
we have (f o g)(v) = rcv € S, but S is a Nearly-2-Absorabing sub-module of V, it follows
that either rv € S+ I(V) orcv € S+ I(V) orrcV € S + J(V). So that either f(v) € S +
JV)orglv) eS+IWV) or (feg)(V)ES+I(V). Thus S is STN-2-Absorabing sub-
module of V.

Since cyclic R-module is scalar, so by proposition(2.12) we obtain the next corollary.

3.12 Corollary (3.12)

Let VV be a cyclic R-module and S be a proper sub-module of V. Then S is a STN-2-
Absorabing sub-module of V if and only if S is a Nearly-2-Absorabing sub-module of V.

Since finitely-generated module is scalar, then by proposition(2.13) we obtain the next
corollary.

3.13 Corollary (3.13)

Let V be a finitely-generated R-module and S be a proper sub-module of V. Then S is a STN-
2-Absorabing sub-module of V if and only if S is a Nearly-2-Absorabing sub-module ofV/.

The following proposition shows that the inverse image of STN-2-Absorabing sub-
module is STN-2-Absorabing.

3.14 Proposition (3.14)

Let h: V — V be a small epimorphism, S be a fully invariant STN-2-Absorabing proper sub-
module of V, with h(V) €S and (fog)(¥) € S+ 3J(V). Then h™(S) is a STN-2-
Absorabing sub-module of V.

3.14.1 Proof

Since S is a proper sub-module of V, then h=1(S) is a proper sub-module of V. Assume that
(f o 9)(©) € h1(S), for f,g € End(V), ¥ € V, implies that h((f o g)(¥)) € S, it follows
that (h o f)(g(¥)) € S, but S is a STN-2-Absorabing sub-module of V and (f o g)(¥) & S +
J(V), then either h(g(?)) €S+ I(V) or (hog)(g(") S S+I(V). If h(g(®)) €S+
J(V), then g(v) € h™1(S + I(V)), that is g(¥) € h"1(S) + I(V). If (ho g)(g(V)) S S +
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J(V), then h(f o g)(V) €S + 3(V), thus (f o g)(V) € h~1(S) + (V). Therefore h™1(S)
is a STN-2-Absorabing sub-module of V.

In the following proposition prove that the homomorphic image of STN-2-Absorabing
sub-module is STN-2-Absorabing.

3.15 Proposition (3.15)

Let S be a fully invariant STN-2-Absorabing sub-module of an R-module V and h:V > V
be a small epimorphism, with Kvr(h) € S. Then h(S) is a STN-2-Absorabing sub-module
of V, where V is V- projective module.

3.15.1 Proof

Assume that (f o g)(¥) € h(S) where f,g € End(V), ©€E€V. Since h is a small
epimorphism, then h(J(V)) = J(V) and I(V) = h=1(3(V)). Also, ¥ is V-projective module,
then there exists f;, f>: V = V such that h o f; = g. Now, we have h o f; € End(V), also, we
have (feg)(®) = (heofi) o (he f,)(0) € A(S), implies that (feg)(®) =h(fiehe
fo (7)) € h(S), then there exists nonzero element v € S such that h( fichof, (17)) = h(v),
it follows that h(f; cho f,(¥) —v) = 0 implise that f; cho f,(¥) — v € Kvr(h) € S,
hence f; oho f,(¥) € S. That is (f; e h) o (f; o h)(v) € S. But S is a STN-2-Absorabing
sub-module of V, then either (f; c h)(v) €S +I(V) or (fboh)(v) ES+I(V)or(fyoh)o
(foh)(V) €S +3(V). Thus either f;(¥) €S+ I(V) or fL(#) ES+I(V) or (fyoho
f2)(h(V)) € S + I(V). Hence h(S) is a STN-2-Absorabing sub-module of V.

3.16 Proposition (3.16)

Let S and L be proper sub-modules of an R-module V with L € S and L is fully invariant in
V. If % is a STN-2-Absorabing sub-module of %, then S is a STN-2-Absorabing sub-module
of .

3.16.1 Proof

Assume that (f © g)(v) € S where f, g € End(V), v €V and let f,, gy:~ -~ defined by

fiv+L)=fWw)+Land g,(v+ L) =g(v)+ L foreachv € V. Since L is fully invariant,
then f;, g, are well-defined. If veSCV, then feg,(v+1L)=fi(g(v)+L)=

flgw)+L)=(feog)(w)+LE % But % is a STN-2-Absorabing sub-module of %, then
cither f(v + L) €2+ I() or g(v + L) €=+ 7(D) or (f » g)(3) €=+ I(>). It follows that
either f(v) +L € % + 7(%) or glw)+LE % + .‘7(%) or f(g(V)) +LC % + 7(%). Hence

either f(v) ES+IV)org(v) €ES+IV)or (feg)(V) €S+ I(V). Thus S is a STN-2-
Absorabing sub-module of V.

3.17 Proposition (3.17)

Let S be STN-2-Absorabing sub-module of an R-module V and L is an V-injective sub-
module of V. Then either L € S or L N S is a STN-2-Absorabing sub-module of L.



BIO Web of Conferences 97, 00158 (2024) https://doi.org/10.1051/bioconf/20249700158
ISCKU 2024

3.17.1 Proof

Suppose that L € S, then L N S is a proper sub-module of L. Now, assume that (f o)g(v) €
L NS where f,g € End(L) and v € V with g(v) ¢ LN S + I(L), then g(v) € S. To prove
that f(v) eLNS+I(L)or (feg)(L) S LNS+I(L).Since L is a V-injective, then there
exists fi, f2:V = L such that f; oi = f and f, o i = g where i is the inclusion map from L
into V. Clearly f,f; €End(V). But (feg)(w) = (freid)e(fz00))(W) = (froie
f2)((v)) = (fi e ) (f2(v)) € S. But S is a STN-2-Absorabing sub-module of V and f, (v) =
gw) &S+3(V), then either fi(v) €S +I(V), then ff(v) €ESNL+I(L). If (fieo
L)V)ES+IWV) as (feg)L)=(fieid)e(fae))L) = (frcie )WL) = (fie
D(f2(L)) €S +I(V), that is (f e g)(L) S S+ I(V). Also, (f e g)(L) S L+ IJ(L). Then
(feg)(L) SLNS+I(L). Thus L NS is a STN-2-Absorabing sub-module of L.

3.18 Proposition (3.18)

Let K be a maximal and fully invariant sub-module of an R-module V. Then K is a STN-2-
Absorabing sub-module of V.

3.18.1 Proof

Assume (f o g)(v) E K, wherev eV, f,g € End(V)andv € K, f(v) € K + J(V). Since
K is a maximal and v €K, then V=K+Rv, then (fog)(V)=(fog)K)+
(feg)RV)=(fog)K)+R(feog)(v) €K+ I(V) because K is fully invariant. Thus
(feg)(V) € K+ 3(V). Hence K is a STN-2-Absorabing sub-module of V.

4 Characterizations of stn-2-absorabing sub-modules in some
types of modules

Before we introduce the first result we need to prove this lemma.

4.1 Lemma (4.1)

Let S be a proper sub-module of a multiplication projective R-module V. Then S is
Nearly-2-Absorabing sub-module of V if and only if [S:g V] is Nearly-2-Absorabing ideal of
R.

4.1.1 Proof

=) Assume that S is Nearly-2-Absorabing sub-module of V, and abl < [S:g V] for some
ideal ] of Rand a, b € R, then ab(IV) € S. But S is Nearly-2-Absorabing sub-module of V,
then by definition(2.3) either a(IV) € S+ I(V) or b(IV) &S +I(V) or abV € S + I(V).
Since V is multiplication, henceS = [S:g V]V, and since V is projective multiplication, then
by proposition (2.22) J(V) = J(R)V. Thus either alV < [S:;g V]V + I(R)V or bIV <
[S:;RVIV +IR)V or abV < [S:;g V]V + I(R)V. Hence either al € [S:g V] + I(R) or bl S
[S:irV]+IR) orab S [S:;gV]+IR) = [[S:R V] +IR): R].Therefore by definition(2.3)
[S:g V] is a Nearly-2-Absorabing ideal of R.

&) Suppose that [S:g V] is Nearly-2-Absorabing ideal of R, and alL € S for a € R and some
sub-module L of V and for some ideal I of R since V is a multiplication, then L = JV for
some ideal 7 of R, that is alJV < S, implies that alJ € [S:z V], but [S:g V] is Nearly-2-
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Absorabing ideal of R, then either aJ € [S:g V] +I(R) or 1T S [S:gV]+I(R) or al S
[[S:x V] +IR):R] = [S:ig V] + IR). Thus either adV S [S:;x VIV +IR)V or 1TV <
[S:;RVIV+IR)W oralV € [S:g V]V + I(R)V. But V is a projective R-module, then 7(V) =
JR)V, hence eitheralL €S +IJ(V) or ILS S+ I(V) oral €[S+ IT(V):xV]. Thus S is
Nearly-2-Absorabing sub-module ofV'.

4.2 Proposition (4.2)

Let S be a proper sub-module of a cyclic projective R-module V. Then S is STN-2-
Absorabing sub-module of V if and only if [S:z V] is a STN-2-Absorabing ideal of R.

4.2.1 Proof

=) Since S is STN-2-Absorabing sub-module of VV and V be a cyclic, then by corollary(3.12)
S is Nearly-2-Absorabing sub-module of V. But I is a cyclic, then by proposition(2.21) V is
a multiplication and by lemma (4.1) [S:g V] is Nearly-2-Absorabing ideal of R, a gain by
corollary (3.12) we have [S:g V] is a STN-2-Absorabing ideal of R.

<) Now, let [S:g V] is a STN-2-Absorabing ideal of R, then by corollary(3.12) [S:g V] is
Nearly-2-Absorabing ideal of R. But V is a cyclic, then by proposition(2.21) V is a
multiplication and V is projective. Thus by lemma(4.1) S is Nearly-2-Absorabing sub-
module of V, againe by corollary (3.12) we have S is a STN-2-Absorabing sub-module of V.

Again before we introduce the following result we need to proof this lemma.

4.3 Lemma (4.3)

Let S be a proper sub-module of a faithful multiplication R-module V. Then S is a Nearly-2-
Absorabing sub-module of V' if and only if [S:g V] is Nearly-2-Absorabing ideal of R.

4.3.1 Proof

=) Letabc € [S:g V] fora, b, c € R, thenab(cV) € S. Since S is Nearly-2-Absorabing sub-
module of V, then by definition(2.3) either acV € S +J(V) or bcV € S+ I(V) or abV <
S+ J3(V). But V is multiplication, then S = [S:g V]V and since V is faithful multiplication,
then by proposition (2.24) J(V) = J(R)V. Thus either acV € [S:;g V]IV +IR)V or V <
[S:)RVIV +IR)V or abV € [S:ig V]V + I(R)V, it follows that either ac € [S:g V] + I(R)
or bc € [S;x V] +I(R) or ab € [S;x V] +IR) = [[S:g V] + IR):x R]|. Hence [S:izV] is
Nearly-2-Absorabing ideal of R.

&) Suppose that [S:g V] is Nearly-2-Absorabing ideal of R, and rcL € S for some sub-
module L of V and r, ¢ € R, since V' is a multiplication, then L = JV, for some ideal 7 of R,
that is rcJV € S, implies that rJV < [S:g V], but [S:g V] is Nearly-2-Absorabing ideal of R,
then either 77 € [S;p V] +IR) or ¢J € [SipV]+IR) or rc € [[SrV]+IR)xR] =
[S:r V] + I(R). Thus either rIV € [S:ig VIV + TIR)V or cIV < [S:ig VIV + I(R)V orrcV ©
[S:r V]V + I(R)V. Hence by proposition (2.24) either rL € S+ J(V) or cL € S + J(V) or
rc € [S+I(V):g V]. Thus S is Nearly-2-Absorabing sub-module of V.

4.4 Proposition (4.4)

Let S be a proper sub-module of a cyclic faithful R-module V. Then S is STN-2-Absorabing
sub-module of V if and only if [S:g V] is a STN-2-Absorabing ideal of R.

10
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4.4.1 Proof

=) Since S is STN-2-Absorabing sub-module of VV and V be a cyclic, then by corollary(3.12)
S is Nearly-2-Absorabing sub-module of V. But V is cyclic then by proposition(2.21) V is a
multiplication and by lemma (4.3) [S:g V] is Nearly-2-Absorabing ideal of R, a gain by
corollary (3.12) we have [S:g V] is a STN-2-Absorabing ideal of R.

<) Now, let [S:g V] is a STN-2-Absorabing ideal of R, then by corollary(3.12) [S:g V] is
Nearly-2-Absorabing ideal of R. But V is cyclic, then by proposition(2.21) V is a
multiplication and V' is faithful. Thus by lemma(4.3) S is Nearly-2-Absorabing sub-module
of V, againe by corollary (3.12) we have S is STN-2-Absorabing sub-module of V.

We need to proof the following lemma before we introduced the next result.

4.5 Lemma (4.5)

Let V be a content multiplication R-module and S be a proper sub-module of V. Then S is
Nearly-2-Absorabing sub-module of V if and only if [S:g V] is Nearly-2-Absorabing ideal of
R.

4.5.1 Proof

=) Let bJa € [S:z V] for some ideal 7 of R and a, b € R, then bJ(aV) € S. But S is Nearly-
2-Absorabing sub-module of V, then by definition(2.3) either b(aV) € S + I(V) or I(aV) <
S+ 3V)or bIV € S+ I(V). Since V is multiplication, then S = [S:zg V]V, and since V is
content, then by proposition(2.26) 7(V) = J(R)V. Thus either baV S [S:;zg V]V + I(R)V or
JaVvV C [SxVIV+IR)V or bIVC[SRVIV+IR)V. It n by Proposition
(L.13=1t11ttrrareereerrreareeerereeetrarerarearratrrtraatantt
RN RN R RN RN R R R RN R AR R RN R RN RN R AR RR R AR RN
TTTTTTI Ittt et et e et ettt 11rt11rr11rr111follows
that either ba C [S:xV]+I(R) or Ja < [S;xV]+IR) or bIC[SxV]+IR) =
[[S V] +IR): R].Hence [S:g V] is a Nearly-2-Absorabing ideal of R.

&) Assume [S:g V] is Nearly-2-Absorabing ideal of R, and v, v,L € S for v;, v, € V and
some sub-module L of V, since V is a multiplication, then L = JV, (v;) = L,V and (v,) =
LV for some ideals J, I; and I, of R that is [,[,JV € S, implies that I;1,7 < [S:g V], but
[S:r V] is Nearly-2-Absorabing ideal of R, then by definition(2.3) either ;7 S [S:z V] +
IR) or LT S [S:;gV]+IR) or L1, € [[S:g V] + IR):g R] = [S:ig V] + I(R). Thus either
LIV S [SpVIV +IRW or LIV S [SpVIV+IR)WV or LLV S [SiVIV +IR)V.
Hence by proposition (2.26) either v,L <SS+ J(V) or v,LSS+I(V) or vyv; €
[S + J(V):g V]. Therefore S is a Nearly-2-Absorabing sub-module of V.

4.6 Proposition (4.6)
Let V be a cyclic content R-module and S be a proper sub-module of V. Then S is STN-2-
Absorabing sub-module of V if and only if [S:g V] is a STN-2-Absorabing ideal of R.

4.6.1 Proof

=) Since S is STN-2-Absorabing sub-module of VV and V be a cyclic, then by corollary(3.12)
S is Nearly-2-Absorabing sub-module of V. But V is cyclic then by proposition(2.21) V is a
multiplication and by lemma (4.5) [S:g V] is Nearly-2-Absorabing ideal of R, a gain by
corollary (3.12) we have [S:g V] is a STN-2-Absorabing ideal of R.

11
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&) Now, let [S:g V] is STN-2-Absorabing ideal of R, then by corollary(3.12) [S:g V] is
Nearly-2-Absorabing ideal of R. But V is cyclic then by proposition(2.21) V is a
multiplication and V is projective. Thus by lemma(4.5) S is Nearly-2-Absorabing sub-
module of V, againe by corollary (3.12) we have S is a STN-2-Absorabing sub-module of V.

We need to prove the following lemma before we introduce the next proposition.

4.7 Lemma (4.7)

Let V be a finitely-generated multiplication projective R-module, and P is an ideal of R with
anng(V) € P. Then P is a Nearly-2-Absorabing ideal of R if and only if PV is a Nearly-2-
Absorabing sub-module of V.

4.7.1 Proof

=) Let K; K, K5 € PV, for K;, K, and K5 are sub-modules of V. Since V is a multiplication,
so Ky =LV, K, =LV and K; = I3V for some ideals/;, I,, I3 in R, thatis I, I,1;V < PV. But
V is a finitely-generated multiplication R-module then by proposition(2.27) I;1,13 S P +
anng(V), but anng(V) € P, implies that P + anng(V) = P, thus I;I,1; € P. Now, by
assumption P is a Nearly-2-Absorabing ideal of R then by proposition(2.3) either I; I3 € P +
JR)orLl; € P+IR)orI, S [P+ IR):gR] = P+ I(R), it follows that either I; I3V S
PV +IR)V or LIV € PV +IR)V or LI,V € PV + J(R)V. Since V is a projective then
by proposition (2.22) (V) = IJ(R)V, it follows that either K;K; € PV + J(V) or K,K; <
PV +3(V) or K;K, S PV + 3(V). Hence by definition(2.3) PV is a Nearly-2-Absorabing
sub-module of V.

&< Let 11,13 € P, for I;, I, and I5 are ideals in R, implies that I;1,(I5V) S PV. But PV
is a Nearly-2-Absorabing sub-module of V, then by definition(2.3) either I, (I3V) € PV +
JWV) or L(IsV) € PV +3(V) or LI,V € PV +3(V). But V is a projective then J(V) =
JR)V. Thus either I3V € PV + I(R)V or LIV <€ PV + I(R)Vor L,V <€ PV + I(R)V, it
follows that either LiI; S P+JR) or LIS P+IR)or LI, EP+IR)CS [P+
J(R):g R]. Hence by definition(2.3) P is Nearly-2-Absorabing ideal of R.

4.8 Proposition (4.8)

Let V be a cyclic projective R-module and P be a proper ideal of R with anng (V) € P. Then
P is STN-2-Absorabing ideal of R if and only if PV is STN-2-Absorabing sub-module of V.

4.8.1 Proof

=) Assume P is STN-2-Absorabing ideal of R, then by proposition(3.9) P is Nearly-2-
Absorabing ideal of R. Since V is cyclic then by proposition(2.21) V is a multiplication,
also V is cyclic then V is finitely-generated. Now V is finitely-generated multiplication
projective R-module and P is Nearly-2-Absorabing ideal of R then by lemma (4.7) PV is
Nearly-2-Absorabing sub-module of V. But V is cyclic then by corollary(3.12) PV is STN-
2-Absorabing sub-module of V.

<) Suppose PV is STN-2-Absorabing sub-module of V, then by proposition(3.9) PV is
Nearly-2-Absorabing sub-module of V. Since V is a cyclic, then V is finitely-generated
multiplication and V is projective, then by lemma(4.7) P is Nearly-2-Absorabing ideal of R.
But V is cyclic then by corollary(3.12) P is a STN-2-Absorabing ideal of R.

Before we introduce the next proposition need to prove the following lemma.
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4.9 Lemma (4.9)

Let V be a faithful finitely-generated multiplication R-module and P is ideal of R. Then P is
Nearly-2-Absorabing ideal of R if and only if PV is Nearly-2-Absorabing sub-module of V.

4.9.1 Proof

=) Let rcL € PV for any r,c € R, L is a sub-module of V. Since V' is a multiplication, then
L = IV for some ideal I of R, that is rcIV < PV. Thus by proposition(2.27) we get rcl S
P + ann(V), butV is faithful, it follows ann(V) = {0}, thatis rcI S P. Since P is a Nearly-
2-Absorabing ideal of R, then by definition(2.3) either rI € P + J(R) orcl € P +J(R) or
rc € [P+ IJR):gR] = P + I(R), hence either rIV € PV + J(R)V orclV € PV + I(R)Vor
rcV € PV 4+ J(R)V, hence by proposition(2.24) either rL € PV +J(V) orcL S PV +
J(V)orrcV & PV + J(V). Thus PV is a Nearly-2-Absorabing sub-module of V.

&) Letrcl € P forr,c € Rand [ ideal of R, hence rc(IV) S PV, but PV is a Nearly-2-
Absorabing sub-module of V, then either r(IV) € PV +J(V) or c(IV) € PV +J(V) or
rcV € PV + J(V). Thus by proposition(2.24) either IV € PV + J(R)V or cIV € PV +
JR)V or rcV € PV +I(R)V, hence either r/ S P +IJ(R) orcl EP+IR) orrc €P +
JR) =[P + I(R):g R]. Therefore P is Nearly-2-Absorabing ideal of R.

4.10 Proposition (4.10)

Let V be a cyclic faithful R-module and P be a proper ideal of R. Then P is STN-2-
Absorabing ideal of R if and only if PV is STN-2-Absorabing sub-module of V.

4.10.1 Proof

=) Assume P is STN-2-Absorabing ideal of R, then by proposition(3.9) P is Nearly-2-
Absorabing ideal of R. Since V is cyclic then by proposition(2.21) V is a multiplication,
also V is cyclic then V is finitely-generated. Now V is finitely-generated multiplication
faithful R-module and P is Nearly-2-Absorabing ideal of R then by lemma (4.9) PV is Nearly-
2-Absorabing sub-module of V. But V is cyclic then by corollary(3.12) PV is STN-2-
Absorabing sub-module of V.

<) Suppose PV is STN-2-Absorabing sub-module of V, then by proposition(3.9) PV is
Nearly-2-Absorabing sub-module of V. Since V is cyclic so V is finitely-generated
multiplication, and V is faithful then by lemma(4.9) P is Nearly-2-Absorabing ideal of R.
But V is cyclic then by corollary(3.12) P is a STN-2-Absorabing ideal of R.

Now to prove the following lemma before give the next proposition.

4.11 Lemma (4.11)

Let VV be a finitely-generated multiplication content R-module and P is ideal of R with
anng(V) € P. Then P is a Nearly-2-Absorabing ideal of R if andonly if PV is a Nearly-2-
Absorabing sub-module of V.

4.11.1 Proof

(=) Let K; K, K5 < PV, for K, K, and K5 are sub-modules of V. Since V is a multiplication,
then K; = LV, K, = I,V and K53 = I3V for some ideals I;, I,,I; of R, that is [, 1,13V € PV.
But V is a finitely-generated multiplication R-module then by proposition(2.27) I, I,1; € P +
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anng(V), but anng(V) € P, implies that P + anng(V) = P, thus ;1,13 S P. Now, by
assumption P is a Nearly-2-Absorabing ideal of R then by definition(2.3) either I;I; € P +
JR)orLl; € P+IR)or I, S [P+ IR):gR] = P+ I(R), it follows that either I; I3V S
PV +IR)V or LIV € PV +IR)V or LI,V € PV + J(R)V. Since V is content then by
proposition(2.26) (V) = J(R)V, itfollows either K; K3 € PV + J(V) or K,K5; € PV + 3(V)
or K1K, S PV 4+ J3(V). Hence by definition(2.3) PV is a Nearly-2-Absorabing sub-module
of V.

(&) Let 11,15 € P, for I, I, and I5 are ideals in R, implies that [, I, (I5V) € PV. But PV
is a Nearly-2-Absorabing sub-module of V, then by definition(2.3) either I, (I3V) € PV +
JWV)or L(;V)S PV +3(V) or L LV EPV+3(V). But V is a projective then 7(V) =
JR)V. Thus either I; I3V € PV + I(R)V or L1;V € PV + IR)Vor I,V € PV + I(R)V, it
follows that either LiI; S P+J(R) or LIS P+IR)or LI, EP+IR)CS [P+
J(R):g R]. Hence by definition(2.3) P is a Nearly-2-Absorabing ideal of R.

4.12 Proposition (4.12)

Let V be a cyclic content R-module and P be a proper ideal of R, with anng (V) € P. Then
P is STN-2-Absorabing ideal of R if and only if PV is STN-2-Absorabing sub-module of V.

4.12.1 Proof

In the same way of proposition(4.8).
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