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Abstract. Hypokalemia in periodic paralysis (HypoPP) is usually not a 

straightforward hypokalemic condition. It is mainly characterized by the 

intercellular shift of potassium between compartments inside human body, 

not by depletion solely. Several experiments at the cellular level 

demonstrated the separation of resting membrane potential including the 

paradoxical depolarization possibly causing clinical manifestation. We 

analyzed the structural model focusing on the intracellular potassium pool 

and connected cellular electrophysiology information to the macroscale. 

Increment of extracellular potassium cannot be simply expected after 

potassium supplementation for hypokalemic correction which is different 

from general pharmacokinetics. Searching the bistable solutions from the 

existing bifurcation in a bounded parameter subset was the newly-

introduced strategy for testing the possibility of pushing the solution to one 

another stable point as the representative of potassium falling or 

paradoxical hypokalemia instead of adding parameters or terms in the 

traditional way. Moreover, the continuous trajectories from the model 

combined with the difference between input and output and the proposed 

utilization from parameter mapping to alleviate the sudden falling of the 

solution were demonstrated. The results also supported the pre-existing 

hypothesis that NaK+-ATPase activation was responsible for this 

phenomenon. 

1. Introduction 

Potassium is the crucial electrolyte in the human body and is distributed in the cells and 

extracellular fluid. If the potassium level is within the normal range (approximately 3.5 to 

5.0 mmol/L), they will function properly. However, the deviation from its range, like 

hypokalemia (lower than normal), can possibly lead to loss of function of cells and organs 

and if it sufficiently deviates, it may contribute to life-threatening complications such as 

respiratory muscle paralysis, cardiac arrhythmia, etc. [1,2]. Hypokalemia can be divided 

into 2 groups which are true reduction of total potassium and transcellular potassium shift 

from the extracellular to the intracellular compartment without loss. In some situations, 

both of them can occur together [3]. Hypokalemic periodic paralysis is a complicated 

medical condition consisting of hypokalemia and episodic muscle weakness. Even if it is 

rare but possibly lethal from severely low potassium level so the potassium administration 

is emergency management and it must be managed in time to reverse the pathologic process 

BIO Web of Conferences 163, 04002 (2025)
ICBBB 2025

https://doi.org/10.1051/bioconf/202516304002

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons 

Attribution License 4.0 (https://creativecommons.org/licenses/by/4.0/).



[4,5]. The dynamic change of potassium level from the beginning until recovery is 

complicated. Unusual phenomena such as paradoxical hypokalemia (the level of potassium 

is lower after starting the treatment) and rebound hyperkalemia (the level of potassium is 

greater than the upper normal limit) were reported [6]. It is classified into 2 types that are 

nonfamilial and familial type [4]. Nonfamilial hypoPP is commonly caused by 

thyrotoxicosis (TPP). About one-third of patients with TPP had KCNJ12, KCNJ18 

mutations causing impairment of Kir function which led to higher susceptibility of 

hypokalemia when combined with NaK+- ATPase pump activation [4,7]. Gene mutations 

of familial type are mostly characterized by CACNA1S or SCN4A mutation leading to the 

aberrant gating pore current and indirect reduction of Kir conductance by uncertain 

mechanisms [4,8,9]. Some previous models involving potassium dynamics were found to 

have some limitations in this context. For example, Stadt et.al.[10] and Ursino et.al.[11] 

demonstrated the potassium shift by the gradient but did not link to the membrane potential 

properties, van Milet.al.[12] and Delmoe et.al.[13] demonstrated bistability of membrane 

potential from paradoxical depolarization when lowering the potassium concentration in the 

experimental setup but did not link to the whole-body scale. Therefore, the study attempted 

to fill the gap in the model hierarchy. Although there was the variability of sites of mutation 

when delving down to channels [9], for quantitative consequences, this work initially 

selected the necessary components in the equations which were expected to yield the 

behavior differently, but they should not be complicated. The parameter identification was 

implemented and TPP would be the prototype for study. This work has been inspired by the 

assumption that the total potassium is not depleted in real practice. Therefore, some 

constraints were applied to test if it was promising to be explainable in cellular and whole-

body level simultaneously. 

2. Model setup 

2.1 Main Components 

For simplification, the compartments were divided into 2 parts which are intracellular and 

extracellular part as shown in Fig 1. Since muscle cells are responsible for the largest 

potassium reservoir [14], the selected potassium-related channels in muscle cells for 

modeling can be assumed to adequately capture the overall potassium dynamics. 
  

 

 

 

Fig 1. Schematic representation of the divided compartments and the involving protein channels 
The governing equations are as follows. 

 

I = Vout
d[Kout]

dt
= Inak+Ikir+IL+Igp+∆I     ,    Vin

d[Kin]

dt
= -(Inak+Ikir+IL+Igp)        (1) 

Inak = -cJnak.Jnak. (
[Kout]

[Kout]+kk

)
2

  ,  Jnak = Jnak0.(
[Nain]

[Nain]+kna

)
3

                         (2) 
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Ikir = cJkir.Jkir.([Kout]
nofK).(Vm-EK). (

1

1+e
Vm-V0.5

k

)  ,  EK = 
RT

F
ln (

[Kout]

[Kin]
)         (3) 

IL = cJL.JL.(Vm-Vreverse)                           (4) 

Igp= Jgp.e-bfactor(Vm-Vreverse_gp)   ,   Vreverse_gp ≈ 0            (5) 

 

Added Constraints : From the evidence in [15], the membrane potential had a negative 

relationship to the inhibition or reduction of Kir conductance, so we simply assumed the 

positive relationship with intracellular K+ by considering the cells with some value of 

capacitance.  

 

C
dVm

dt
=FVin

d[Kin]

dt
   or  C(Vm-Vm,0)=FVin([Kin]-[Kin,0])                          (6) 

TotalK=Vin[Kin]+Vout[Kout]              (7) 
 
Where Vin , Vout are extracellular and intracellular volume, [Kout],[Kin] are extracellular 

and intracellular K+ concentration, ∆𝐼 is net input-output rate of K+, Vm is membrane 

potential (voltage).  

2.2 General numerical method 

Firstly, ‘Fmincon’ in MATLAB with interior point algorithm was used for fitting to find 

some unknown parameters. Next, equilibrium points were calculated by dividing the 

interval with random guess together with ‘Vpasolve’ iteratively until no solution was 

detected in the subinterval. Then dynamic trajectories from ODEs were demonstrated by 

using ‘ODE23s’ with ‘maxstep’ adjustment and ‘interp1’ (linear interpolation) to obtain the 

output for each specific time point. 

2.3 Parameter Identification or Re-identification 

In the parameter identification process, we firstly obtained the values of parameters that 

were relatively consistent among different literatures and considered them as fixed 

parameters. 5 remaining parameters (nofK, 𝑐, Jkir , C and Vreverse) were identified properly 

with different methods later as described in table 1.  

Table 1. The values of each parameter and a brief method of acquisition 

Parameters 
Estimated 

values 
Units Reference(s) or methods 

kk 1 mmol [12], [14] 

k 9 mV [16] 

V0.5 -80 mV [12] (The value was close to resting potential.) 

c=
Jkir

JL
 1.2 - 

[17] , Used the equations above and set 

[Kout ]≈ 4 and estimated by ratio of currents. 

[K
in,0

] 150 mmol/L [18] 

Jnak0 100.8 mmol/min [14] 

[ Nain] 15 mmol/L [19] 

kna 7 mmol [12] 

Vout ≈0.2*BW L [20] 

TotalK ≈50*BW mmol [21] 
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nofK 1.22 - 
[22], Re-identified with the ratio the maximum 

outward current at  [Kout] = 4 and 2 which is 2. 

Vm,0 -93.35 mV [23] 

Jkir  3.15 mmol/(min.mV) Fit with [23] 

C 104 C/mV Fit with [23] 

Vreverse -73.3 mV Fit with [23] 

(Note that BW = body weight, Vin was calculated by equation (7) at [Kout] = 4  , nofK was chosen to 

be re-identified  because of inconsistency between [22] and [24].) 

3. Results 

3.1 Voltage-current relationship in the experimental condition and no-loss 
condition (with constraint) 

[Kout]was set in the experimental container, 𝑇𝑜𝑡𝑎𝑙𝐾 could not be determined. Fig 2. (left) 

shows the consistency of characteristics with preexisting works [12,13,16] even though 

there were some differences of terms or parameter values. If we put the constraints by 

assuming the linear relationship of [Kin] and Vm and the mass conservation of TotalK , the 

shape of current-[Kin] are not much different from the experimental condition as shown in 

Fig 2. (right). (Note that both were set in normal condition, stable solution is where I 

crosses x-axis.) 
 
 

 

 

 

 

 

Fig 2. The current values from each channel in the given model in both experimental condition and 

no-loss condition 

3.2 Identification of stable solution(s) in no-loss condition (with constraint)  

To imitate the pathology of hypoPP, coefficients cJnak ,cJkir , cJL , Jgp were needed to change 

within some reasonable ranges. Firstly, we used TPP as the prototype for study leading 

to cJL = 1  Jgpcoeff = 0. The remaining (cJnak , cJkir) were set in the range of ([1-6], (0-1]) which 

were a representative of NaK+-activation and Kir inhibition respectively. Then each 

parameter pair from sampling was calculated to demonstrate the equilibrium points by 

equating 
d[Kout]

dt
= 0. Due to 1D autonomous ODE, equilibrium points that followed 

d
2
[Kout]

*

dt
2 < 0 were selected as stable solutions (assumed that the probability of 

d
2
[Kout]

*

dt
2 = 0 was 

negligible). Bistability is defined by having 2 stable points. After plotting the stable 

solutions, it was noticeable that the changes of stable solution values with respect to the 

change of 𝑐𝐽𝑘𝑖𝑟  are relatively higher at [Kout] = [2-3] mmol/L then at some 

(cJnak , cJkir) values, the solutions were separated as bistability especially when cJnak was 
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relatively high. This characteristic confirms the existence of 2 main resting potentials 

within given parameters which mainly followed the experimental condition (Fig 3.).  

 

 

 

 

 

 

 

Fig 3. The example of plotted solutions with varying 1 parameter while fixing one another (left) with 

the derivative-based sensitivity that was calculated and plotted (middle). The big color dots represent 

the parameter pairs that have bistable solutions (right) 

3.3 Potassium supplementation effect to the change of stable solutions 

The typical pharmacokinetics expects that if the amount of the drug or substance increases 

in the body after administration via the oral or intravenous route, the measured quantity of 

them in the blood should increase but the significant number of TPP cases were found to 

have decreasing amount of [Kout] after K+ supplementation [25,26]. That led to the 

question. ‘Is it possible to happen in the model with given parameters without adding more 

term to the equation?’ Therefore, this part started introducing the potassium 

supplementation as an example of perturbation to the system and calculated the changes of 

stable solutions when TotalK increased. 3 patterns were found as shown in Fig 4. consisting 

of 1. monotonically increasing (left) 2. paradoxical falling of K+ starting with 2 stable 

solutions (middle) and 3. paradoxical falling of K+ starting with 1 stable solution (right).  

 

 

 

 

 

 

Fig 4. The plotted stable solutions from some (cJnak , cJkir)  with different TotalK and after reaching at 

some TotalK value (there exists only 1 stable point for all cases.) 

3.4 Dynamically numerical results 

Running with ODEs with ∆I > 0 gave the same patterns as the plot of stable points. For 2 

initial [Kout], the real trajectory should lie between trajectories from both of them (this case 

was set as a mean) which could decrease the unrealistic sudden falling as shown in Fig 5. 

(right). However, for 1 initial [Kout], there is no way to alleviate the sudden falling of the 

solution itself. By comparing with Fig 4. (middle), it obviously demonstrates the shift of 

stable point to one another following the basin of attraction of the dynamical system.  

BIO Web of Conferences 163, 04002 (2025)
ICBBB 2025

https://doi.org/10.1051/bioconf/202516304002

5



Remark : 1. Sketching the stable solutions in 3.3 in parallel supported the underlying 

cause of trajectories’ behavior. 2. this study set ∆I > 0 to exclude the paradoxical falling of 

K+ from the excretion. 

 

 

 

 

 

 

 

Fig 5. The plotted dynamical solutions from some (cJnak , cJkir) giving the 3 different patterns 

3.5 Proposed parameter mapping method to alleviate the sharp falling of 
trajectories 

In order to imitate and simulate the paradoxical K+ falling by relying on bistability but 

reduce the effect of sudden falling from the long distance between 2 stable points, the idea 

originated from the fact of heterogeneity of tissues, cell types, and protein channel 

properties. The different values of parameters as the representative of that property in each 

condition could possibly be responsible for giving the same output.  

Step 1: Collect all stable solutions over a bounded parameter subset like (cJnak , cJkir) =    

([1-6],[0.1-1]). Step 2: Use the mean if more than 1 solution are found because in reality, 

[Kout] must exist only 1 value. Step 3: Select the initial [Kout] of interest with a small 

deviated range like 0.1 and arrange all corresponding parameter pairs. Step 4: Run ODEs 

for each of these with some value of ∆I, if min(output) < initial [Kout] then consider them in 

the ‘drop’ group, otherwise, ‘not drop’ group as seen in Fig 6. Step 5: Select some 

parameter pair in the yellow zone (‘not drop’ group) or the blue zone (‘drop’ group) but 

their values should be significantly different, add as the Inew component in equation (8) then 

run for numerical results as seen in Fig 7. 

 
d[Kout]

dt
= βI

main
+(1-β)Inew ,  0<β<1              (8)  

 

 

 

 

 

 

 

 

 

 

 

Fig 6. Parameter mapping with separation of 2 zones (left) and selection of initial [Kout]  of interest 

(right) 
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By observing the values of parameter pairs in 2 zones, when comparing Fig 3. (right) to 

Fig 6. (left), not only parameter pairs that give initial bistable solutions but some nearby 

parameters lead to the paradoxical falling of trajectories of [Kout]. Moreover, the higher 

(cJnak,cJkir) value within the parameter subset that gives the same or almost the same initial 

[Kout]. value has the greater probability of the paradoxical falling that occurs. 

 

 

 
 

 

 
 

 

Fig 7. The examples trajectories after applying equation (8) to be more realistic 

The right graph also shows the result from iterating the equation (8) by obtaining the 

final solution in the previous step, like the middle graph, that can reduce the overall 

sharpness of the falling curve and make it more realistic with a minimal change of the 

initial value. This is the example of method of fine-tuning trajectory without violating 

biological basis if we cannot avoid encountering with bistable solutions in the parameter 

subset. Moreover, parameter pairs from the blue color zone tend to take more time to reach 

a specific value due to the inward shift of K+ that could be used as the representative of 

poor or slow progressive response of K+ supplementation. 

3.6 Familial hypoPP  

This type has 1 additional exponential term as a representation of aberrant gating pore 

which is different from TPP case. There should exist a subset in the parameter space that 

exhibits an inverse response of membrane potential after reducing K+ concentration 

(paradoxical depolarization) [14,19]. Due to the variability of experimental data values 

from different settings, the simple direct searching method in parameter space was 

implemented starting from estimating suitable range of bfactor from Struyk et.al.[27] and we 

tested the increment of resting membrane potential from further inhibited cJkir from insulin 

infusion as seen in Fig 8. Due to the slightly higher values of stable Vm at the lower bound 

of Jgp compared with real values, we decreased Vreverse~10% (-80 mV) as an adjustment and 

the direction of change can still ensure the existence of solution(s) in the no-loss condition 

for macroscale. After testing with varying 100 values of cJkir, the parameter pairs in each 

value of fitting that could yield bistable solutions were depicted in both normal cJnak and 

activated NaK+-ATPase (cJnak was set to be 2) in Fig 9.  

Moreover, the right column of Fig 9. also shows the proportion of parameter pairs 

(cJnak , cJkir) randomly selected from all possible parameter points giving bistable solutions 

as 𝑐𝐽𝑛𝑎𝑘 increased. Although the main characteristic of familial hypoPP is the exponential 

leak current, the increased probability of bistable solutions with increasing cJnak in the set 

of possible parameters has the same pattern as the TPP case. 
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Fig 8. The illustration of  the range of (Jgp ,bfactor) satisfying paradoxical depolarization and the 

example of bound determination or narrowing down the range to be more in line with the reality (i.e., 

no data reported that stable Vm at normal K+ in hypoPP condition exceeded 70 mV [23]. 

 
 
 

 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

Fig 9. The possible parameter pairs corresponding with 3 resting membrane potential values at 
[Kout]= 4 mmol/L , the larger dots represent the existence of bistable solution(s) from at least 1 cJkir 

value ([0.1-1]) in both usual parameter fitting (upper row) and some modification at Vreverse (lower 

row). 

4. Discussion and conclusion 

Both types of hypoPP are defined by the episodic paralytic condition with transcellular shift 

hypokalemia. Familial type is clearly suggested that it originates from the mutation of 

voltage sensor (either Nav or Cav) related to abnormal inward current whereas TPP which 

is a common subtype of nonfamilial type does not involve in aforementioned channels but 

is mainly driven by the activation of NaK+-ATPase from varying external factors [28]. 

Therefore, constructing the model with related components in TPP then extending to 

familial hypoPP is a good strategy. The developed model with the given re-identified 
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parameters yielded the results of changed membrane potential in both normal and 

pathologic experimental conditions which were consistent with experimental data in terms 

of qualitative characteristics. With the existence of bistability as mentioned in the 

experimental setup [12,19], this work tested by adding constraints corresponding with 

hypokalemia from transcellular shift without total depletion which is the real assumption in 

clinical practice and it also showed the occurrence of bistability in some parameter pairs 

(cJnak , cJkir). They also demonstrated the falling of extracellular potassium trajectories after 

supplementation from moving to one another stable point that could be the alternative way 

of exploitation of bifurcation in the nonlinear dynamical system instead of creating an 

addition term or equation and increasing the workload of parameter identification. The 

problem of sudden potassium falling could be fixed by calculating the mean of 2 

trajectories from 2 initial points but the falling from 1 starting initial point could be fixed by 

searching the other parameter pair which yielded the monotonic trajectory as described in 

the proposed parameter mapping method. It is more suitable than conventional fitting 

method because it can ensure the nearby parameter values that yield the targeted qualitative 

phenomenon. The proportion of bistable solutions and the falling trajectories that increased 

with increasing coefficient of NaK+-ATPase current as the activation observed from 

parameter mapping of bistable solutions and the falling trajectories could support the 

hypothesis of the paradoxical hypokalemia in the case reports that came from higher NaK+-

ATPase activation [29]. Moreover, some comparative study showed that patients who 

developed the paradoxical hypokalemia during treatment had significantly higher level of 

thyroxine, heart rate and systolic blood pressure linked to higher level of NaK+-ATPase 

activation [6]. Some experiment demonstrated that adding beta blocker which counteracted 

with beta-adrenergic stimulation at NaK+-ATPase during potassium treatment in 

hypokalemic phase of TPP could obviously increase the potassium level from the slow 

progressive phase [30]. In different structural model (familial hypoPP), after identifying 

suitable parameters, it also showed the increased possibility of bistable solution with 

increasing coefficient of NaK+-ATPase current as the same pattern in the TPP case. 

Therefore, NaK+-ATPase has the crucial role for potassium shift in nonlinear 

characteristics that need more quantitative experimental study to elucidate the interplay 

with other channels with abnormality. In terms of limitations, This model could not 

simulate the hyperpolarization after insulin infusion because it needed Na+ component 

which was out of the scope to be calculated. Moreover, to make the trajectory fit to the real 

data, additional term in equations is still required. The method of reduction of sharpness of 

falling mainly aims to keep the crucial feature realistically.  

Challenges and the future work : How to improve the computational speed and to be 

more generalized when using the parameter mapping method? , What if this structure is 

connected to other sub-system in the body? Is it possible to extend this structural model to 

the total potassium depletion case?  

 
This study was supported by Biomedical Engineering Institute, Chiang Mai University through the 

graduate scholarship. 
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