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Abstract. False whitehead (Cnaphalocrosis medinalis) infestation in rice (Oryza 
sativa L.) is one of the main factors that cause a decline in agricultural 
productivity. This research aims to build and analyze a predator-prey 
mathematical model that describes the interaction between rice as prey and the 
false white grub as a predator, considering the Holling Type II response function 
and constant harvesting strategy on the prey. The model is constructed in the form 
of a system of differential equations, which are then nondimensionalized to 
simplify the analysis process. Next, a stability analysis was conducted on the 
equilibrium points with and without harvesting. The results showed that in the 
model without harvesting, there were two stable equilibrium points that allowed 
for coexistence between the two species. In the model with harvesting at certain 
intervals, a stable positive equilibrium point was obtained. This finding is 
supported by numerical simulations showing that the dynamics of the system 
depend on the values of the biological parameters and harvesting rate. The 
conclusion of this study is that controlled harvesting strategies can maintain a 
population balance between rice and pests and provide a theoretical basis for 
sustainable agricultural management based on a mathematical approach. 

1. Introduction 
Mathematical modeling is a method for 
converting intricate real-world issues into 
mathematical equation systems that are 
amenable to quantitative analyses [2]. 
The predator-prey model, also referred to 
as the Lotka-Volterra model, is a 
fundamental model in population 
dynamics. To explain the dynamic 
interplay between two species, predators 
and prey, within an ecosystem, Lotka and 
Volterra independently devised this 
model in 1925 and 1926. Predator-prey 
modeling is useful in agriculture when 
examining how pest organisms, 
especially insects, interact with farmed 

crops. Rice (Oryza sativa L.) is a vital 
food resource in Indonesia and other 
nations worldwide. Rice production 
management and insect control are 
essential components of national food 
security [9]. One of the pests that 
frequently cause serious damage to rice 
crops is the false whitehead, which is 
caused by moth attacks. This pest can 
attack both vegetative and generative 
phases, leading to a decrease in the quality 
and quantity of harvest [13].  

A significant decrease in paddy 
production was reported in the Kampung 
Desay area of the Prafi District, 
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Manokwari Regency, West Papua 
Province, Indonesia, which is a real-world 
example of this phenomenon. Based on 
data from [10], the harvest yield reached 
5.1 tons of dry grain per hectare, but only 
produced about 2.5 tons of rice after 
milling. This decline is believed to be the 
result of the severity of pest attacks during 
different phases of plant growth. A report 
from [14] supports this by saying that 
insect infestations in the area occured 
from the seedling stage to just before 
harvest, which caused large losses in 
production. Harvesting tactics in a 
predator–prey model can be used as a 
mathematical solution to this problem. 
One approach is constant yield 
harvesting, in which the amount 
harvested per unit of time is fixed 
regardless of the population size [3]. This 
approach is crucial for achieving 
economic outcomes while preserving 
population sustainability. The response 
function is a crucial element in predator-
prey interaction modeling, which 
illustrates the connection between prey 
population density and predation rate. 
Three types of response functions were 
identified in [5]: Type I, which is linear 
and typically occurs in passive predators; 
Type II, which exhibits an increasing but 
slowing relationship because of prey 
handling time constraints; and Type III, 
which is sigmoidal and represents 
predator adaptation to prey abundance. 
There is also the Holling Type IV 
response function, which characterizes a 
decline in predation efficacy in extremely 
high-prey populations. As noted in [15], 
this occurs because prey develop defense 
mechanisms that reduce direct 
interactions with predators when their 
populations become excessively 
abundant.  

Several previous studies have 
examined the stability of predator-prey 
systems considering harvesting strategies. 
The stability and simulation of a predator-
prey model with constant harvesting of 
the prey population were analyzed in [1]. 
The dynamics of an eco-epidemiological 

model with constant predator harvesting 
were investigated in [8]. Additionally, the 
stability of a predator–prey model with a 
Holling Type III response function and 
optimal harvesting strategies aimed at 
maximizing profit was studied in [6]. 
Based on the above description, this study 
aimed to analyze the stability of the 
predator-prey model between rice crops 
and false whitehead pests, considering the 
Holling Type II response function and the 
application of constant yield harvesting 
on the prey. 

2. Research methods  
This study was conducted through 
literature reviews and library research 
techniques [4, 7, 11, 12]. The following 
steps were followed in this study: 1. 
Determining the issue, putting it into 
quantitative terms using variables, and 
reviewing the literature on harvesting and 
predator-prey dynamics; 2. Making 
assumptions about the model; 3. A 
predator-prey model is created via 
compartmentalization, which builds at 
model based on predetermined 
assumptions and variables that are 
modified in accordance with reality; 4. 
Using a nondimensional model; 5. 
Applying linearization to the model; 6. 
Identifying equilibrium locations of the 
model; 7. Examining the equilibrium 
modified in points of the model for 
stability; and 8. Conducting numerical 
models. 
 

3. Results and discussion 
3.1 Problem Identification 

The relationship between the false 
whitehead population (as a predator) and 
the rice population (as a prey) was 
identified as a problem. In the absence of 
predators, the population of rice will 
increase over time until it approaches the 
carrying capacity of the environment, 
according to current trends. The rate of 
population growth is disturbed if there are 
predators in the rice community. The false 
whitehead feeds on rice; hence, its 
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presence in the rice community 
undoubtedly poses a threat to the 
expansion of the rice population. The 
existence of a false whitehead in a rice 
community can be seen as a predator-prey 
relationship that can be represented 
mathematically and is referred to as a 
mathematical model. 

 

3.2  Model presumptions 
The underlying presumptions  
of this study are that rice and false 
whiteheads are thought to be closed 
systems, with only birth and death rates 
having an impact on population increase. 
If there is no rice population, the number 
of false whiteheads declines. When the 
community has a population of false 
whiteheads, the expansion of the rice 
population slows. In the absence of a false 
whitehead population in a community, the 
logistical growth of the rice population is 
constrained by its environmental carrying 
capacity (K). The rice population is 
controlled by the harvesting rate. The 
mortality rate of rice and false whiteheads 
due to external factors (the environment) 
were disregarded. 
 
3.3 Constructing a mathematical 

model 
Fig. 1 provides a clearer illustration of the 
compartment model of the interaction 
between rice as prey and a false 
whitehead as a predator. 

 
Fig1. The Compartment Model 
 
Thus, the following system of equations 
is obtained, which represents the 
predator-prey model as follows: 
 

     𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 �1 − 𝑑𝑑𝑑𝑑
𝐾𝐾𝐾𝐾
� − 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎

𝑚𝑚𝑚𝑚𝑚𝑑𝑑𝑑𝑑
− ℎ,           (1)                      

     𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎
𝑚𝑚𝑚𝑚𝑚𝑑𝑑𝑑𝑑

− 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,                                   (2)                                   
 
where x(t) is the prey population density 
at time t, y(t) is the predator population 
density at time t, r is the intrinsic growth 
rate of the prey population, K is the 
environmental carrying capacity of the 
prey population, ℎ is harvesting,  𝑎𝑎𝑎𝑎 is the 
maximum per capita predation rate, b is 
the energy conversion rate, m is the 
predation saturation level, and s is the 
predator mortality rate. 
 
For instance, when 𝑟𝑟𝑟𝑟 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚, 𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

𝑟𝑟𝑟𝑟𝑚𝑚𝑚𝑚
,  

𝜏𝜏𝜏𝜏 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟,𝛽𝛽𝛽𝛽 = 𝑚𝑚𝑚𝑚
𝐾𝐾𝐾𝐾

, ℎ = 𝑟𝑟𝑟𝑟𝑚𝑚𝑚𝑚ℎ�, 𝑠𝑠𝑠𝑠 = 𝑟𝑟𝑟𝑟𝑚𝑚𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑎𝑎𝑎𝑎

, 

 𝛿𝛿𝛿𝛿 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑟𝑟𝑟𝑟

, and  𝜇𝜇𝜇𝜇 = 𝑠𝑠𝑠𝑠
𝑟𝑟𝑟𝑟 

 then the  
non-dimensional form obtained is as 
follows: 
  𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑚𝑚𝑚𝑚(1 − 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
1+𝑑𝑑𝑑𝑑

− ℎ�,        (3) 

  𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝛿𝛿𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
1+𝑑𝑑𝑑𝑑

− 𝜇𝜇𝜇𝜇𝛼𝛼𝛼𝛼                             (4) 
 
3.4 Linearization of the model 
The general form of the Jacobian matrix 
of system (3, 4) is described by the 
following theorem. 
 
Theorem 1. System (3, 4) has a Jacobian 
matrix with the general form: 

     𝐴𝐴𝐴𝐴 = �
1 − 2𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚 − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

(1+𝑑𝑑𝑑𝑑)2 − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
1+𝑑𝑑𝑑𝑑

𝛿𝛿𝛿𝛿𝑟𝑟𝑟𝑟
(1+𝑑𝑑𝑑𝑑)2

𝛿𝛿𝛿𝛿𝑑𝑑𝑑𝑑
1+𝑑𝑑𝑑𝑑

− 𝜇𝜇𝜇𝜇
�       (5) 

 
Proof: Suppose 𝑑𝑑𝑑𝑑𝑚𝑚𝑚𝑚/𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏 = 𝑓𝑓𝑓𝑓1(𝑚𝑚𝑚𝑚, 𝛼𝛼𝛼𝛼) and   
𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑓𝑓𝑓𝑓2(𝑚𝑚𝑚𝑚, 𝛼𝛼𝛼𝛼)  such that (3,4) becomes: 
    𝑓𝑓𝑓𝑓1(𝑚𝑚𝑚𝑚, 𝛼𝛼𝛼𝛼) = 𝑚𝑚𝑚𝑚(1 − 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

1+𝑑𝑑𝑑𝑑
− ℎ�,              (6) 

     𝑓𝑓𝑓𝑓2(𝑚𝑚𝑚𝑚, 𝛼𝛼𝛼𝛼) = 𝛿𝛿𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
1+𝑑𝑑𝑑𝑑

− 𝜇𝜇𝜇𝜇𝛼𝛼𝛼𝛼.                                         (7) 
Then the element of the Jacobian matrix 
for system (3,4) can be expressed in the 
form:  

         𝐴𝐴𝐴𝐴 = �
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1
𝜕𝜕𝜕𝜕𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕1
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
𝜕𝜕𝜕𝜕𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕2
𝜕𝜕𝜕𝜕𝑟𝑟𝑟𝑟

�.    

So 
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𝐴𝐴𝐴𝐴 = �
1 − 2𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚 − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

(1+𝑑𝑑𝑑𝑑)2
− 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

1+𝑑𝑑𝑑𝑑
𝛿𝛿𝛿𝛿𝑟𝑟𝑟𝑟

(1+𝑑𝑑𝑑𝑑)2
𝛿𝛿𝛿𝛿𝑑𝑑𝑑𝑑
1+𝑑𝑑𝑑𝑑

− 𝜇𝜇𝜇𝜇
� .   □  

 
 
3.5 Finding the point of 

equilibrium 
 

Assuming 𝑑𝑑𝑑𝑑𝑚𝑚𝑚𝑚/𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏 = 𝑑𝑑𝑑𝑑𝛼𝛼𝛼𝛼/𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏 = 0, we can 
determine the equilibrium point of (3, 4) 
as follows: 
           𝑚𝑚𝑚𝑚(1 − 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

1+𝑑𝑑𝑑𝑑
− ℎ� = 0,                (8) 

                     � 𝛿𝛿𝛿𝛿𝑑𝑑𝑑𝑑
1+𝑑𝑑𝑑𝑑

− 𝜇𝜇𝜇𝜇� 𝛼𝛼𝛼𝛼 = 0.                    (9) 

 
1) Assume that 𝛼𝛼𝛼𝛼 = 0. Substituting this 

into the first equation of (3) and 

solving it yields   𝑚𝑚𝑚𝑚 = 1±�1−4𝛽𝛽𝛽𝛽𝛽�

2𝛽𝛽𝛽𝛽
,  where 

0 ≤ ℎ� ≤ 1
4𝛽𝛽𝛽𝛽

.  

This gives us the equilibrium points  

𝐸𝐸𝐸𝐸11 = �1−�1−4𝛽𝛽𝛽𝛽𝛽
�

2𝛽𝛽𝛽𝛽
, 0� and  

𝐸𝐸𝐸𝐸12 = �
1 + �1− 4𝛽𝛽𝛽𝛽𝛽�

2𝛽𝛽𝛽𝛽 , 0�. 

 
2) If (𝑚𝑚𝑚𝑚∗, 𝛼𝛼𝛼𝛼∗) is a positive equilibrium 

point of system (3, 4), where 𝑚𝑚𝑚𝑚∗ > 0 
and 𝛼𝛼𝛼𝛼∗ > 0 then we obtain 

       𝑚𝑚𝑚𝑚∗ = 𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

                                           (10)                               

       𝛼𝛼𝛼𝛼∗ = 𝜇𝜇𝜇𝜇 �1 − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

� � 𝛿𝛿𝛿𝛿
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)� −

𝛿𝛿𝛿𝛿𝛿�

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
.   (11)                        

       where   𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿  > 0. 
 
3.6 Analysis of Stability 
Two model forms, one without harvesting 
and the other with a harvesting factor, 
were subjected to a stability analysis. 
 
3.6.1 Analysis of Stability in the Model 

Without Harvesting  
 

Model (3, 4) will change to  
   𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑚𝑚𝑚𝑚(1 − 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
1+𝑑𝑑𝑑𝑑

                         (12) 

   𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝛿𝛿𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
1+𝑑𝑑𝑑𝑑

− 𝜇𝜇𝜇𝜇𝛼𝛼𝛼𝛼                                      (13) 
if we assume  ℎ� = 0. 

The three positive equilibrium points of 
(12) and (13) are 𝐸𝐸𝐸𝐸1 = (0,0), 𝐸𝐸𝐸𝐸2 = �1

𝛽𝛽𝛽𝛽
, 0�, 

dan 𝐸𝐸𝐸𝐸3 = � 𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

, 𝜇𝜇𝜇𝜇 �1 − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

� � 𝛿𝛿𝛿𝛿
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)��. 

     
Theorems 2, 3, and 4 present the findings 
of the examination of the three 
equilibrium locations. 
 
Theorem 2. The equilibrium point 
 𝐸𝐸𝐸𝐸1 = (0,0) is an unstable saddle point. 
 
Proof: Since the Jacobian matrix of the 
equilibrium point 𝐸𝐸𝐸𝐸1 = (0,0) is               
𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸1 = �1 0

0 −𝜇𝜇𝜇𝜇�.  

Such that �𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸1 − 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆� = 0 i.e.,  
       �1 − 𝜆𝜆𝜆𝜆 0

0 −𝜇𝜇𝜇𝜇 𝜇𝜇𝜇𝜇𝜇 � = 0,              (14) 
Which produces the characteristic 
equation  
        (1 − 𝜆𝜆𝜆𝜆)(−𝜇𝜇𝜇𝜇 𝜇𝜇𝜇𝜇𝜇 ) = 0,              (15) 
which yields the eigenvalues 𝜆𝜆𝜆𝜆1 and 𝜆𝜆𝜆𝜆2 
are 
                 𝜆𝜆𝜆𝜆1 = 1,  𝜆𝜆𝜆𝜆2 = −𝜇𝜇𝜇𝜇.       (16) 
Because 𝜆𝜆𝜆𝜆1, 𝜆𝜆𝜆𝜆2 are both real where 𝜆𝜆𝜆𝜆1 > 0, 
and 𝜆𝜆𝜆𝜆2 < 0, it is concluded that the 
equilibrium points 𝐸𝐸𝐸𝐸1 = (0, 0) are unstable 
points. □ 
 
Theorem 3 
If (𝛿𝛿𝛿𝛿 − 𝜇𝜇𝜇𝜇) < 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇  then the equilibrium point 
𝐸𝐸𝐸𝐸2 = �1

𝛽𝛽𝛽𝛽
, 0� is a stable node. ConverselyIn 

contrast, 𝐸𝐸𝐸𝐸2 is an unstable node. 
 
Proof: To prove that this theorem holds, 
we first need to determine the Jacobian 
matrix at the equilibrium point  
E2 = �1

β
, 0�. By substituting each ordinate 

of E2 into (5), we obtain 

         AE2 = �
−1 − α

β+1

0 δ
β+1

− μ
�                    (17)                                      

Such that �AE2 − λI� = 0 is 

 �
−1 − λ − α

β+1

0 δ
β+1

− μ − λ
� = 0,  i.e., 

(−1 − λ) � δ
β+1

− μ − λ� = 0,                 (18) 
which yields the eigen values 

4
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λ1 = −1,   λ2 = (δ−μ)−βμ
β+1

 .                     (19) 
It appears that 𝜆𝜆𝜆𝜆1 and 𝜆𝜆𝜆𝜆2, are real. Because  
𝜆𝜆𝜆𝜆1 < 0, only consideration is 𝜆𝜆𝜆𝜆2. If 
(𝛿𝛿𝛿𝛿 − 𝜇𝜇𝜇𝜇) < 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇, 𝜆𝜆𝜆𝜆2 < 0 is obtained. This 
indicates that 𝐸𝐸𝐸𝐸2 was a stable node. 
Conversely, if (𝛿𝛿𝛿𝛿 − 𝜇𝜇𝜇𝜇) > 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇, then 𝜆𝜆𝜆𝜆2 > 0 is 
obtained. This condition renders 𝐸𝐸𝐸𝐸2 an 
unstable node equilibrium point.□ 
 
Theorem 4 
If 𝐸𝐸𝐸𝐸3 = � 𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿
, 𝜇𝜇𝜇𝜇 �1 − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿
� � 𝛿𝛿𝛿𝛿

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)�� is an 

equilibrium point of (12, 13), then 
equilibrium point 𝐸𝐸𝐸𝐸3 satisfies one of the 
following stability conditions: 
a. 𝐸𝐸𝐸𝐸3  is a stable node if 𝜇𝜇𝜇𝜇�(𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 ) −

𝛽𝛽𝛽𝛽(𝛿𝛿𝛿𝛿 + 𝜇𝜇𝜇𝜇)�2 ≥ 4(𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 )�(𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 ) − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇� 
and          (𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 ) < 𝛽𝛽𝛽𝛽(𝛿𝛿𝛿𝛿 + 𝜇𝜇𝜇𝜇). 
Otherwise, it is an unstable node 
if 𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿  > 𝛽𝛽𝛽𝛽(𝛿𝛿𝛿𝛿 + 𝜇𝜇𝜇𝜇). 

b. 𝐸𝐸𝐸𝐸3 does not form a saddle point 
because for every (𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 ) > 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿 + 𝜇𝜇𝜇𝜇) 
there exists (𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 ) < 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇.  

c. 𝐸𝐸𝐸𝐸3 is a stable neutral if 𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿  =
𝛽𝛽𝛽𝛽(𝛿𝛿𝛿𝛿 + 𝜇𝜇𝜇𝜇). 

d. 𝐸𝐸𝐸𝐸3is a stable spiral if 𝜇𝜇𝜇𝜇�(𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 ) − 𝛽𝛽𝛽𝛽(𝛿𝛿𝛿𝛿 +

𝜇𝜇𝜇𝜇)�2 > 4(𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 )�(𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿 ) − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇� and  
𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿  < 𝛽𝛽𝛽𝛽(𝛿𝛿𝛿𝛿 + 𝜇𝜇𝜇𝜇). Conversely, it is an 
unstable spiral if 𝛿𝛿𝛿𝛿 𝛿𝛿𝛿𝛿𝛿  > 𝛽𝛽𝛽𝛽(𝛿𝛿𝛿𝛿 + 𝜇𝜇𝜇𝜇).  □ 

Proof: Let the Jacobian matrix at the 
equilibrium point  

𝐸𝐸𝐸𝐸3 = � 𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

, 𝜇𝜇𝜇𝜇 �1 − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

� � 𝛿𝛿𝛿𝛿
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)��, 

be 𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸3  and if the factorization rule is 
applied to (5), we obtain 
    𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸3 = �

𝑎𝑎𝑎𝑎11 𝑎𝑎𝑎𝑎12
𝑎𝑎𝑎𝑎21 0 �                                (20) 

where  
𝑎𝑎𝑎𝑎11 = 1 − 2𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚∗ −

𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼∗

(1 + 𝑚𝑚𝑚𝑚∗)2, 

𝑎𝑎𝑎𝑎12 = −
𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚∗

1 + 𝑚𝑚𝑚𝑚∗ , 𝑎𝑎𝑎𝑎21 =
𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼∗

(1 + 𝑚𝑚𝑚𝑚∗)2 

 
Since 𝐸𝐸𝐸𝐸3 = � 𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿
, 𝜇𝜇𝜇𝜇 �1 − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿
� � 𝛿𝛿𝛿𝛿

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)��, 

we obtain 

𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸3 = �
𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)

𝛿𝛿𝛿𝛿(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝛿𝛿𝛿𝛿

(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇
𝑟𝑟𝑟𝑟

0
�                (21)                        

Such that for �𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸3 − 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆� = 0, we obtain 
 
−𝜆𝜆𝜆𝜆 �𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)

𝛿𝛿𝛿𝛿(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)
− 𝜆𝜆𝜆𝜆𝜆               

                   − �− 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝛿𝛿𝛿𝛿
� �(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇

𝑟𝑟𝑟𝑟
�  = 0,  

         𝜆𝜆𝜆𝜆2 − �𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)
𝛿𝛿𝛿𝛿(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)

� 𝜆𝜆𝜆𝜆   

                           + 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝛿𝛿𝛿𝛿
�(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇

𝑟𝑟𝑟𝑟
� = 0.  

Where, 
𝜆𝜆𝜆𝜆1,2 =
𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)

𝛿𝛿𝛿𝛿(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿) ±��𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)
𝛿𝛿𝛿𝛿(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿) �

2
−4𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿
�(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)−𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇�

2
  

(22) 
                                                                                        
Thus, the following stability classification 
for the equilibrium point 𝐸𝐸𝐸𝐸3 is satisfied  
 
3.6.2  Analysis of Stability in the 

Model With Harvesting   

The harvesting model occurs when ℎ� ≠ 0, 
i.e., 
         𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
= 𝑚𝑚𝑚𝑚(1 − 𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚) − 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

1+𝑑𝑑𝑑𝑑
− ℎ�,           (23) 

         𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝛿𝛿𝛿𝛿𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
1+𝑑𝑑𝑑𝑑

− 𝜇𝜇𝜇𝜇𝛼𝛼𝛼𝛼.                               (24) 
Considering the existing model, to 
support the sustainability of rice and false 
whitehead populations, harvesting efforts 
must be carried out within certain control 
limits, that is, 0 < ℎ� ≤ 1

4𝛽𝛽𝛽𝛽
. When 

harvesting is performed within the 
interval         0 < ℎ� < 1

4𝛽𝛽𝛽𝛽
, the equilibrium 

point obtained will certainly not be the 
same as the equilibrium point without 
harvesting. However, if harvesting is 
performed at the harvesting level ℎ� = 1

4𝛽𝛽𝛽𝛽
,  

this indicates a condition where the 
equilibrium point obtained is the same as 
the model without harvesting (this 
condition will not be studied further). 
This section focuses on harvest control 
within the range of 0 < ℎ� < 1

4𝛽𝛽𝛽𝛽
, with 

equilibrium points at 𝐸𝐸𝐸𝐸11 =

5
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�1−�1−4𝛽𝛽𝛽𝛽𝛽
�

2𝛽𝛽𝛽𝛽
, 0�,𝐸𝐸𝐸𝐸12 = �1+�1−4𝛽𝛽𝛽𝛽𝛽

�

2𝛽𝛽𝛽𝛽
, 0�, and 

  𝐸𝐸𝐸𝐸3 = � 𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

, 𝜇𝜇𝜇𝜇 �1 − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

� � 𝛿𝛿𝛿𝛿
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)� −

𝛿𝛿𝛿𝛿𝛿�

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
�.  

 
Theorem 5 
If 𝛿𝛿𝛿𝛿 �1 − �1 − 4𝛽𝛽𝛽𝛽𝛽�� < 𝜇𝜇𝜇𝜇 �1 + 2𝛽𝛽𝛽𝛽 𝛽

�1 − 4𝛽𝛽𝛽𝛽𝛽��, then 𝐸𝐸𝐸𝐸11 = �1−�1−4𝛽𝛽𝛽𝛽𝛽
�

2𝛽𝛽𝛽𝛽
, 0� is an 

unstable saddle point, whereas it is an 
unstable node. 
 
Proof: The Jacobian matrix at the 

equilibrium point 𝐸𝐸𝐸𝐸11 = �1−�1−4𝛽𝛽𝛽𝛽𝛽
�

2𝛽𝛽𝛽𝛽
, 0� is 

𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸11 =

⎣
⎢
⎢
⎡�1 − 4𝛽𝛽𝛽𝛽𝛽� −

𝑟𝑟𝑟𝑟�1−�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�

0
𝛿𝛿𝛿𝛿�1−�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�
− 𝜇𝜇𝜇𝜇⎦

⎥
⎥
⎤
   (25)        

Such that �𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸11 − 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆� = 0 is 

��
�1 − 4𝛽𝛽𝛽𝛽𝛽� − 𝜆𝜆𝜆𝜆 𝜆

𝑟𝑟𝑟𝑟�1−�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�

0
𝛿𝛿𝛿𝛿𝛿𝛿𝛿�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�
− 𝜇𝜇𝜇𝜇 𝜇𝜇𝜇𝜇𝜇

�� = 0                     

                                                                   (26) 
With the characteristic equation  
��1 − 4𝛽𝛽𝛽𝛽𝛽� − 𝜆𝜆𝜆𝜆𝜆�

𝛿𝛿𝛿𝛿 �1 − �1 − 4𝛽𝛽𝛽𝛽𝛽��

1 + 2𝛽𝛽𝛽𝛽 𝛽 �1 − 4𝛽𝛽𝛽𝛽𝛽�
− 𝜇𝜇𝜇𝜇 𝜇𝜇𝜇𝜇𝜇 � = 0   

                                                                                    (27)                                 
and the eigenvalues are 
𝜆𝜆𝜆𝜆1 = �1 − 4𝛽𝛽𝛽𝛽𝛽�,  𝜆𝜆𝜆𝜆2 =

𝛿𝛿𝛿𝛿�1−�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�
− 𝜇𝜇𝜇𝜇.            

                                                            (28)                                 
Therefore, by considering the obtained 
eigenvalues, it can be concluded that if 
𝛿𝛿𝛿𝛿 �1 − �1 − 4𝛽𝛽𝛽𝛽𝛽�� < 𝜇𝜇𝜇𝜇 𝜇1 + 2𝛽𝛽𝛽𝛽 𝛽 �1 − 4𝛽𝛽𝛽𝛽𝛽�� 

the equilibrium point 𝐸𝐸𝐸𝐸11 = �1−�1−4𝛽𝛽𝛽𝛽𝛽
�

2𝛽𝛽𝛽𝛽
, 0� 

is an unstable saddle point; otherwise, it is 
an unstable node. □ 
 
Theorem 6 
If 𝛿𝛿𝛿𝛿 �1 + �1 − 4𝛽𝛽𝛽𝛽𝛽�� < 𝜇𝜇𝜇𝜇 �1 + 2𝛽𝛽𝛽𝛽 +

�1 − 4𝛽𝛽𝛽𝛽𝛽�� then the equilibrium point           

𝐸𝐸𝐸𝐸12 = �1+�1−4𝛽𝛽𝛽𝛽𝛽
�

2𝛽𝛽𝛽𝛽
, 0� is a stable node. In 

constrast, 𝐸𝐸𝐸𝐸12 is an unstable node. 
 
Proof: The Jacobian matrix at the 

equilibrium point 𝐸𝐸𝐸𝐸12 = �1+�1−4𝛽𝛽𝛽𝛽𝛽
�

2𝛽𝛽𝛽𝛽
, 0� is 

𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸12 =

⎣
⎢
⎢
⎡−�1 − 4𝛽𝛽𝛽𝛽𝛽� −

𝑟𝑟𝑟𝑟�1+�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�

0
𝛿𝛿𝛿𝛿�1−�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�
− 𝜇𝜇𝜇𝜇⎦

⎥
⎥
⎤
        

                                                                   (29) 
Such that �𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸12 − 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆� = 0 i.e.,  
    
                                                          

��
−�1 − 4𝛽𝛽𝛽𝛽𝛽� − 𝜆𝜆𝜆𝜆 𝜆

𝑟𝑟𝑟𝑟�1+�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�

0
𝛿𝛿𝛿𝛿�1+�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�
− 𝜇𝜇𝜇𝜇 𝜇𝜇𝜇𝜇𝜇

�� = 0       

                                                                 (30) 
With the characteristic equation 
�−�1 − 4𝛽𝛽𝛽𝛽𝛽� − 𝜆𝜆𝜆𝜆𝜆 �

𝛿𝛿𝛿𝛿�1+�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�
− 𝜇𝜇𝜇𝜇 𝜇𝜇𝜇𝜇𝜇 � = 0     

                                                                           (31) 
and the eigenvalues are 
𝜆𝜆𝜆𝜆1 = −�1 − 4𝛽𝛽𝛽𝛽𝛽�, 𝜆𝜆𝜆𝜆2 =

𝛿𝛿𝛿𝛿�1+�1−4𝛽𝛽𝛽𝛽𝛽��

1+2𝛽𝛽𝛽𝛽𝛽�1−4𝛽𝛽𝛽𝛽𝛽�
− 𝜇𝜇𝜇𝜇           

                                                                  (32) 
If 𝛿𝛿𝛿𝛿 �1 + �1 − 4𝛽𝛽𝛽𝛽𝛽�� < 𝜇𝜇𝜇𝜇 �1 + 2𝛽𝛽𝛽𝛽 +

�1 − 4𝛽𝛽𝛽𝛽𝛽�� it can be concluded that the 

equilibrium point 𝐸𝐸𝐸𝐸12 = �1+�1−4𝛽𝛽𝛽𝛽𝛽
�

2𝛽𝛽𝛽𝛽
, 0� ) is 

a stable node; otherwise, it is an unstable 
node. □  
 
Theorem 7 
If    𝐸𝐸𝐸𝐸13 = � 𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿
, 𝜇𝜇𝜇𝜇 �1 − 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿
� � 𝛿𝛿𝛿𝛿

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)
� − 𝛿𝛿𝛿𝛿𝛿�

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
�   is 

an equilibrium point of (12, 13), then the 
following classification satisfies the 
conditions for equilibrium point𝐸𝐸𝐸𝐸13: 
a. 𝐸𝐸𝐸𝐸13 is an unstable spiral or conversely, 

a stable spiral. 
b. 𝐸𝐸𝐸𝐸13 is not a saddle point. 
c. 𝐸𝐸𝐸𝐸13 is a stable node or, conversely, an 

unstable node. 

Proof: Let the Jacobian matrix at 
equilibrium point 𝐸𝐸𝐸𝐸13 = � 𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿
, 𝜇𝜇𝜇𝜇 �1 −

𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿

� � 𝛿𝛿𝛿𝛿
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿𝛿)� −

𝛿𝛿𝛿𝛿𝛿�

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
� be 𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸13. Using the 

factorization rule, we obtain 
          𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸13 = �

𝑎𝑎𝑎𝑎11 𝑎𝑎𝑎𝑎12
𝑎𝑎𝑎𝑎21 0 �                   (33)                                  

where 

 𝑎𝑎𝑎𝑎11 = 1 − 2𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚∗ −
𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼∗

(1 + 𝑚𝑚𝑚𝑚∗)2 , 

  𝑎𝑎𝑎𝑎12 = −
𝛼𝛼𝛼𝛼𝑚𝑚𝑚𝑚∗

1 + 𝑚𝑚𝑚𝑚∗  
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 𝑎𝑎𝑎𝑎21   =
𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼∗

(1 + 𝑚𝑚𝑚𝑚∗)2 ,   𝑎𝑎𝑎𝑎22 = 0 
If  𝑚𝑚𝑚𝑚∗ = 𝜇𝜇𝜇𝜇

𝛿𝛿𝛿𝛿−𝜇𝜇𝜇𝜇
   and  

𝛼𝛼𝛼𝛼∗ =   𝜇𝜇𝜇𝜇 �1 𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿−𝜇𝜇𝜇𝜇

� � 𝛿𝛿𝛿𝛿
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝛿𝛿𝛿𝛿−𝜇𝜇𝜇𝜇)� −

𝛿𝛿𝛿𝛿ℎ�

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
   

 
then the Jacobian matrix at the 
equilibrium point 𝐸𝐸𝐸𝐸13 = ( 𝑚𝑚𝑚𝑚∗, 𝛼𝛼𝛼𝛼∗) is 

𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸13 = �
𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽2𝛿𝛿𝛿𝛿𝜇𝜇𝜇𝜇3 + 2𝛽𝛽𝛽𝛽𝛿𝛿𝛿𝛿ℎ − 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 −𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝛿𝛿𝛿𝛿
𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇2𝛿𝛿𝛿𝛿+ℎ�+2𝛿𝛿𝛿𝛿ℎ�𝜇𝜇𝜇𝜇−𝛿𝛿𝛿𝛿2ℎ�

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
0
�   (34) 

                                                               
Such that �𝐴𝐴𝐴𝐴𝐸𝐸𝐸𝐸13 − 𝜆𝜆𝜆𝜆𝜆𝜆𝜆𝜆� = 0 i.e., 

�
𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽2𝛿𝛿𝛿𝛿 𝑚𝑚𝑚𝑚∗𝜇𝜇𝜇𝜇3 + 2𝛽𝛽𝛽𝛽𝛿𝛿𝛿𝛿ℎ − 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 − 𝜆𝜆𝜆𝜆 −𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝛿𝛿𝛿𝛿
𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇2𝛿𝛿𝛿𝛿+ℎ�+2𝛿𝛿𝛿𝛿ℎ�𝜇𝜇𝜇𝜇−𝛿𝛿𝛿𝛿2ℎ�

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
−𝜆𝜆𝜆𝜆

� = 0    

                                                                  (35)    
−𝜆𝜆𝜆𝜆 (𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽2𝛿𝛿𝛿𝛿𝜇𝜇𝜇𝜇3 + 2𝛽𝛽𝛽𝛽𝛿𝛿𝛿𝛿ℎ − 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 − 𝜆𝜆𝜆𝜆)

− �−
𝛼𝛼𝛼𝛼𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿
��
𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇2𝛿𝛿𝛿𝛿 + ℎ� + 2𝛿𝛿𝛿𝛿ℎ�𝜇𝜇𝜇𝜇 − 𝛿𝛿𝛿𝛿2ℎ�

𝛼𝛼𝛼𝛼𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝜇
� = 0, 

𝜆𝜆𝜆𝜆2 − (𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽2𝛿𝛿𝛿𝛿𝜇𝜇𝜇𝜇3 + 2𝛽𝛽𝛽𝛽𝛿𝛿𝛿𝛿ℎ − 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽)𝜆𝜆𝜆𝜆

+
𝛼𝛼𝛼𝛼𝜇𝜇𝜇𝜇
𝛿𝛿𝛿𝛿 �

𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇2𝛿𝛿𝛿𝛿 + ℎ� + 2𝛿𝛿𝛿𝛿ℎ�𝜇𝜇𝜇𝜇 − 𝛿𝛿𝛿𝛿2ℎ�
𝛼𝛼𝛼𝛼𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝜇 � = 0. 

Such that 
𝜆𝜆𝜆𝜆1,2 = 𝑟𝑟𝑟𝑟2𝛽𝛽𝛽𝛽2𝛿𝛿𝛿𝛿𝜇𝜇𝜇𝜇3+2𝛽𝛽𝛽𝛽𝛿𝛿𝛿𝛿ℎ−𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

2
      

       ±
�(𝑟𝑟𝑟𝑟2𝛽𝛽𝛽𝛽2𝛿𝛿𝛿𝛿𝜇𝜇𝜇𝜇3+2𝛽𝛽𝛽𝛽𝛿𝛿𝛿𝛿ℎ−𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟)2−4�𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇

2𝛿𝛿𝛿𝛿+ℎ�+2𝛿𝛿𝛿𝛿ℎ�𝜇𝜇𝜇𝜇−𝛿𝛿𝛿𝛿2ℎ�
𝛿𝛿𝛿𝛿2

�

2
   

                                                                   (36) 
    
If  𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽2𝛿𝛿𝛿𝛿𝜇𝜇𝜇𝜇3 + 2𝛽𝛽𝛽𝛽𝛿𝛿𝛿𝛿ℎ − 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 ≥
4 �𝛽𝛽𝛽𝛽𝜇𝜇𝜇𝜇

2𝛿𝛿𝛿𝛿+ℎ�+2𝛿𝛿𝛿𝛿ℎ�𝜇𝜇𝜇𝜇−𝛿𝛿𝛿𝛿2ℎ�

𝛿𝛿𝛿𝛿2
� and 𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽2𝛿𝛿𝛿𝛿𝜇𝜇𝜇𝜇3 +

2𝛽𝛽𝛽𝛽𝛿𝛿𝛿𝛿ℎ < 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 then  𝐸𝐸𝐸𝐸13 is unstable spiral 
point. □  
 
4. Numerical simulation 

Numerical simulations were conducted to 
confirm the orientation of trajectories in 
the phase plane by analyzing the system 
dynamics under variations in the 
parameters that influence the populations 
𝑚𝑚𝑚𝑚(𝜏𝜏𝜏𝜏) and 𝛼𝛼𝛼𝛼(𝜏𝜏𝜏𝜏), namely 𝛼𝛼𝛼𝛼, 𝛽𝛽𝛽𝛽, 𝛿𝛿𝛿𝛿, 𝜇𝜇𝜇𝜇, and ℎ�. 
Two forms of the model were considered 
in the simulations such that the first 
corresponds to a model without 
harvesting and the second incorporates 
harvesting. 
 
 
 

4.1  Numerical simulation of the 
model without harvesting 

In the model without harvesting, ℎ� = 0, 
and several positive equilibrium points 
exist, namely 𝐸𝐸𝐸𝐸1, 𝐸𝐸𝐸𝐸2, and 𝐸𝐸𝐸𝐸3. Numerical 
simulations were performed based on the 
conditions associated with each 
equilibrium point. 

a) Simulation at Equilibrium Point 𝐸𝐸𝐸𝐸1 
For the parameter values 𝛿𝛿𝛿𝛿 = 0.4, 𝛼𝛼𝛼𝛼 =
1.5, 𝛽𝛽𝛽𝛽 = 0.08, and 𝜇𝜇𝜇𝜇 = 1.32, the 
numerical simulation results shown in 
Fig. 2 indicate that the two eigenvalues at 
the equilibrium point 𝐸𝐸𝐸𝐸1 are real and of 
opposite signs. This condition implies 
that 𝐸𝐸𝐸𝐸1 is a saddle point and is therefore 
unstable. From an ecological perspective, 
this indicates that small perturbations in 
initial conditions can drive the system 
away from the state of total extinction. 
Although there are specific directions 
along which the system trajectories 
approach extinction, such behavior occurs 
only for a very restricted set of initial 
conditions. Consequently, 𝐸𝐸𝐸𝐸1 does not 
serve as a stable long-term state in 
population dynamics.  

 
 
 
 
 
 
 
 
 
 
 
 
Fig 2. The point 𝐸𝐸𝐸𝐸1 = (0,0) is an unstable     
  saddle point. 
 

b) Simulation at Equilibrium Point E2 

When the parameters are chosen as 𝛿𝛿𝛿𝛿 =
0.4, 𝛼𝛼𝛼𝛼 = 2.2, 𝛽𝛽𝛽𝛽 = 1.5, and 𝜇𝜇𝜇𝜇 = 2,2, both 
eigenvalues are real and negative, 
implying local stability, as shown in Fig. 

 
 
 
 
 

𝛿𝛿𝛿𝛿 = 0.4, 𝛼𝛼𝛼𝛼 = 1.5, 𝛽𝛽𝛽𝛽 = 0.08, 𝜇𝜇𝜇𝜇 = 1.32, 
ℎ�  
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3. In this case, the absence of predators 
increases the prey population toward its 
equilibrium level, 1/𝛽𝛽𝛽𝛽. Conversely, 
selecting 𝛿𝛿𝛿𝛿 = 2.5, 𝛼𝛼𝛼𝛼 = 1.5, 𝛽𝛽𝛽𝛽 = 1.5, and 
𝜇𝜇𝜇𝜇 = 0.22 yields eigenvalues with 
opposite signs, indicating instability in 
the predator-prey interaction, as shown in 
Fig. 4. 

 
 
 
 
 
 
 
 
 
 
Fig 3. The point 𝐸𝐸𝐸𝐸2 is a stable node 
 

Fig 4. The point 𝐸𝐸𝐸𝐸2 is an unstable node 
 
c) Simulation at Equilibrium Point E3 
By considering a bounded initial 
population and parameter values 𝛿𝛿𝛿𝛿 = 2.5, 
𝛼𝛼𝛼𝛼 = 5.1, 𝛽𝛽𝛽𝛽 = 5.4, and 𝜇𝜇𝜇𝜇 = 0.5, two real 
eigenvalues are obtained, both of which 
are negative. This indicates that the 
predator–prey interaction dynamics are 
asymptotically stable such that the system 
trajectories in the phase plane converge 
toward the equilibrium point, as 
illustrated in Fig. 5. In contrast, for a 
different set of parameters, namely 𝛿𝛿𝛿𝛿 =
3.5, 𝛼𝛼𝛼𝛼 = 6.5, 𝛽𝛽𝛽𝛽 = 0.3, and 𝜇𝜇𝜇𝜇 = 1.0, while 
maintaining the same initial population, 

the interaction dynamics underwent a 
qualitative change and exhibit an unstable 
spiral behavior. Under these conditions, 
both prey and predator populations 
oscillated with increasing amplitude, 
reflecting the sensitivity of population 
dynamics to small perturbations. 
Consequently, the population fluctuations 
tend to grow over time, and the system 
fails to return to the equilibrium state, as 
shown in Fig. 6. 

 
 
 
 
 
 
 
 
 
 
 
 Fig 5. The point 𝐸𝐸𝐸𝐸3 is a stable node 
 
 
 
 
 
 
 
 
 
 
 
 
Fig 6. The point 𝐸𝐸𝐸𝐸3 is an unstable node 
 
4.2 Numerical Simulation of the  

Model Incorporating 
Harvesting 

In this section, numerical simulations are 
carried out by incorporating the 
harvesting factor, ℎ�. Under this condition, 
three equilibrium points are identified as 
the main focus of the analysis, 𝐸𝐸𝐸𝐸11, 𝐸𝐸𝐸𝐸12, 
and 𝐸𝐸𝐸𝐸13. An examination of the structure 

 
 
 
 
 

𝛿𝛿𝛿𝛿 = 0.4, 𝛼𝛼𝛼𝛼 = 2.2, 𝛽𝛽𝛽𝛽 = 1.5, 𝜇𝜇𝜇𝜇 = 2,2 

 
 
 
 
 

𝛿𝛿𝛿𝛿 = 2.5, 𝛼𝛼𝛼𝛼 = 1.5, 𝛽𝛽𝛽𝛽 = 1.5, 𝜇𝜇𝜇𝜇 = 0.22, 

 
 
 
 
 

𝛿𝛿𝛿𝛿 = 2.5, 𝛼𝛼𝛼𝛼 = 5.1, 𝛽𝛽𝛽𝛽 = 5.4, 𝜇𝜇𝜇𝜇 = 0.5 

 
 
 
 
 

𝛿𝛿𝛿𝛿 = 3.5, 𝛼𝛼𝛼𝛼 = 6.5, 𝛽𝛽𝛽𝛽 = 0.3, 𝜇𝜇𝜇𝜇 = 1.0, 
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and qualitative properties of these 
equilibrium points indicates that 𝐸𝐸𝐸𝐸11 and 
𝐸𝐸𝐸𝐸12 correspond to equilibrium point 𝐸𝐸𝐸𝐸2 in 
the model without harvesting, while 𝐸𝐸𝐸𝐸13 
corresponds to 𝐸𝐸𝐸𝐸3. Consequently, the 
purpose of these numerical simulations is 
to explicitly investigate the impact of 
harvesting on the dynamic behavior of the 
modeled system. 

a) Simulation at Equilibrium Point 𝐸𝐸𝐸𝐸11 

In the model without harvesting, one of 
the equilibrium points obtained is 𝐸𝐸𝐸𝐸1, 
which exhibits stability properties in the 
form of a stable or unstable node. When 
harvesting is introduced, a corresponding 
equilibrium point emerges, namely 𝐸𝐸𝐸𝐸11. 
At this equilibrium point, the system 
operated at a relatively low population 
density. This condition arises as a direct 
consequence of harvesting, which alters 
the structural dynamics of the system and 
induces a shift in the stability behavior 
toward an unstable node or a saddle point. 
The corresponding numerical simulation 
for the parameter values 𝛿𝛿𝛿𝛿 = 2.5, 𝛼𝛼𝛼𝛼 =
5.1, 𝛽𝛽𝛽𝛽 = 5.4, 𝜇𝜇𝜇𝜇 = 0.5, ℎ� = 1

4
, the 

corresponding numerical simulation 
results are presented in Fig. 7. 

 
 
 
 
 
 
 
 
 
 
 
Fig. 7. The point 𝐸𝐸𝐸𝐸11 is an unstable saddle 
point. 
 

This shift in stability behaviour affects 
not only the dynamics of the variable 𝑚𝑚𝑚𝑚, 
but also indirectly influences the 
dynamics of the variable 𝛼𝛼𝛼𝛼, because the 
predator growth rate depends functionally 

on the value of 𝑚𝑚𝑚𝑚 through the term 
𝛿𝛿𝛿𝛿/(1 + 𝑚𝑚𝑚𝑚). Consequently, the balance 
between predator birth and death rates 
became more sensitive to parameter 
variations. Under certain parameter 
configurations, the direction of the flow in 
the 𝛼𝛼𝛼𝛼-component may change from 
reinforcing to weakening, leading to 
modifications in the eigenvalue structure 
of the Jacobian matrix near the 
equilibrium point. 

b) Simulation at Equilibrium Point  𝐸𝐸𝐸𝐸12 

Another equilibrium point corresponding 
to 𝐸𝐸𝐸𝐸1 is 𝐸𝐸𝐸𝐸12, which exhibits stability 
behavior identical to that of 𝐸𝐸𝐸𝐸1 namely, a 
stable node or an unstable node. This 
equivalence in stability arises from the 
continuous shift in the equilibrium point 
induced by the harvesting effect. 
Although the equilibrium value of the 
variable 𝑚𝑚𝑚𝑚 changes, the simultaneous 
interaction between 𝑚𝑚𝑚𝑚 and 𝛼𝛼𝛼𝛼 preserves the 
same dynamic structure, because the 
predator growth rate is still governed by 
an identical functional relationship. As 
long as the harvesting-induced change in 
𝑚𝑚𝑚𝑚 is in sufficient to alter the sign of the 
predator growth rate, the qualitative 
direction of the flow in the 𝛼𝛼𝛼𝛼-component 
in the neighborhood of the equilibrium 
point remains unchanged. At the same 
time, the local dynamics of the prey 
population around its equilibrium value 
undergo only smooth variations, such that 
the orientation of the vector field in the 
phase plane does not experience any 
structural rearrangement.  
 

 
 

 
 

 
 
 

Fig 8. The point 𝐸𝐸𝐸𝐸12 is a stable node 
 

𝛿𝛿𝛿𝛿 = 1.2, 𝛼𝛼𝛼𝛼 = 0.5, 𝛽𝛽𝛽𝛽 = 0.1, 𝜇𝜇𝜇𝜇 = 1.5, ℎ� = 1
4
  

𝛿𝛿𝛿𝛿 = 0.35, 𝛼𝛼𝛼𝛼 = 4.5, 𝛽𝛽𝛽𝛽 = 0.15, 𝜇𝜇𝜇𝜇 = 0.5, ℎ =
1
4 
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Consequently, although harvesting 
shifts the location of the equilibrium 
point, the simultaneous interaction 
between prey and predator continues to 
yield the same stability configuration, 
namely a stable node or saddle point, as 
observed in the model without harvesting. 
Numerical simulations illustrating the 
behavior of the equilibrium point 𝐸𝐸𝐸𝐸12 are 
presented in Fig. 8 and 9. 

 
 
 
 
 
 
 
 
 
 
 
Fig 9. The point 𝐸𝐸𝐸𝐸12 is an unstable node 
 
c) Simulation at Equilibrium Point 𝐸𝐸𝐸𝐸13 

The final simulation was conducted at 
equilibrium point 𝐸𝐸𝐸𝐸13. As is known, 𝐸𝐸𝐸𝐸13 
corresponds to 𝐸𝐸𝐸𝐸3 but differs in terms of 
stability behavior: 𝐸𝐸𝐸𝐸3 can exhibit 
neutrally stable behavior, which is absent 
in 𝐸𝐸𝐸𝐸13. This distinction makes it 
particularly interesting to examine it 
through numerical simulations. 

Focusing on the numerical 
simulations in the phase plane, the 
differences between the dynamics around 
𝐸𝐸𝐸𝐸3 and 𝐸𝐸𝐸𝐸13 become evident through the 
structure of the orbits and the evolution of 
the solution trajectories (𝑚𝑚𝑚𝑚, 𝛼𝛼𝛼𝛼). In the 
model without harvesting (ℎ� = 0), 
numerical simulations around interior 
equilibrium 𝐸𝐸𝐸𝐸3 showed closed orbits in 
the phase plane. Trajectories originating 
from nearby initial conditions produced 
oscillations in prey 𝑚𝑚𝑚𝑚 and predator 𝛼𝛼𝛼𝛼 with 
a nearly constant amplitude. Numerically, 
the system exhibits no tendency to 
converge to or diverge from the 
equilibrium point, resulting in cyclic and 
recurrent dynamics. This behavior 

reflects an intrinsic dynamic balance that 
allows neutral stability at 𝐸𝐸𝐸𝐸3. 

In contrast, for the model with 
harvesting (ℎ� ≠ 0), the numerical 
simulations around the corresponding 
equilibrium 𝐸𝐸𝐸𝐸13 no longer exhibit closed 
orbits. All solution trajectories display a 
distinct tendency, either spiraling, 
monotonically approaching, or moving 
away from the equilibrium. The 
oscillations in 𝑚𝑚𝑚𝑚 and 𝛼𝛼𝛼𝛼 no longer maintain 
a constant amplitude; instead, they 
gradually dampen or amplify over time. 
Consequently, the numerical simulations 
consistently demonstrated the loss of 
neutral cyclic dynamics. 

 
 

 
 

 
 

 
 

 
Fig 10. The point 𝐸𝐸𝐸𝐸13 is an unstable spiral 
point 
 

The primary conclusion from these 
numerical simulations is that harvesting 
qualitatively alters the dynamic structure 
of the predator-prey system. Harvesting 
eliminates closed orbits around the 
interior equilibrium, thereby preventing 
the system from sustaining neutrally 
stable oscillations. Therefore, the 
difference between 𝐸𝐸𝐸𝐸3 and 𝐸𝐸𝐸𝐸13 in 
numerical simulations is not merely a 
matter of the equilibrium location, but 
rather a fundamental change in the global 
pattern of solution trajectories, 
transitioning from sustained cyclic 
dynamics to dynamics with a clear long-
term directional evolution. The 
simulation results for the equilibrium 
point 𝐸𝐸𝐸𝐸13, as shown in Fig. 10. 

𝛿𝛿𝛿𝛿 = 1.4, 𝛼𝛼𝛼𝛼 = 0.5, 𝛽𝛽𝛽𝛽 = 0.4, 𝜇𝜇𝜇𝜇 = 0.2, ℎ� = 1
4
   

 
 
 
 
 

𝛿𝛿𝛿𝛿 = 3.5, 𝛼𝛼𝛼𝛼 = 6.5, 𝛽𝛽𝛽𝛽 = 0.3, 𝜇𝜇𝜇𝜇 = 1.0, ℎ� =
1
4 
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5. Conclusion 

This study examined the dynamics of 
interaction between rice plants (Oryza 
sativa L.) as prey and the false whitehead 
(Cnaphalocrosis medinalis) as a predator, 
using the Holling Type II response 
function and constant harvesting of the 
prey population. By constructing a system 
of differential equations and using a 
nondimensionalization approach, a model 
was obtained that represents the 
biological relationship between the two 
species, including the influence of 
predation rate, intrinsic growth, 
environmental carrying capacity, and 
harvesting intensity on population 
dynamics. 

The analysis was conducted for two 
conditions: a model without harvesting 
and a model with harvesting. In the model 
without harvesting, several equilibrium 
points were obtained, including two 
stable points, indicating the possibility of 
coexistence of the rice population and 
pests in the ecosystem. When constant 
harvesting was applied, the equilibrium 
point and its stability characteristics 
changed. Within a certain harvesting 
interval, the system can still reach 
stability at a single positive equilibrium 
point, indicating that the populations of 
both species can coexist despite the 
exploitation efforts on the rice crop. The 
numerical simulations supported the 
analytical results and showed various 
patterns of system dynamics based on 
variations in the biological parameters 
and harvesting rates. This confirms that 
plant population management strategies 
for harvesting must be carried out in a 
controlled manner to avoid disrupting 
ecosystem stability. 

Overall, the results of this study 
indicate that the predator-prey model with 
a Holling Type II response function and 
constant harvesting has the potential to be 
a useful tool in designing pest control 
strategies and sustainable agricultural 
management, especially in rice farming 

systems that are susceptible to pest 
attacks. 
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